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Abstract

This paper considers the nonparametric identification and estimation of the average effect
of a dummy endogenous variable in nonseparable models. The analysis includes the case
of a dummy endogenous variable in a discrete choice model as a special case. This paper
establishes conditions under which it is possible to identify and consistently estimate the
average effect of the dummy endogenous variable without the use of large support conditions
and without relying on parametric functional form or distributional assumptions. A root-N
consistent and asymptotically normal estimator is developed for a special case of the model.
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1 Introduction

This paper considers dummy endogenous variables in models where the error term is not additively
separable from the regressors. The paper shows conditions for identification and estimation of the
average effect of the dummy endogenous variable without imposing large support assumptions as
are required by “identification-at-infinity” arguments, and without imposing parametric functional
form or distributional assumptions.

An important special case of this analysis is to examine the effect of a dummy endogenous
variable in a discrete choice model. For example, if a researcher wishes to examine the effect
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of a job training program on later employment, he or she might specify a probit equation for
employment and include a dummy variable regressor for whether the individual received job
training. One might expect that job training is endogenous, in particular, is correlated with
the error term in the employment decision rule. In the discrete choice model, the error term is
not additively separable from the regressors and thus standard instrumental variable techniques
are not valid even if one has a variable that is correlated with job training but not with the
error term of the employment equation.! Following Heckman (1978), one can impose a system of
equations for the joint determination of the endogenous variable (job training) and the outcome
variable (later employment). Heckman (1978) imposes joint normality assumptions and develops
the maximum likelihood estimator for the resulting model. The model has a form similar to a
multivariate probit model, and is referred to as a “multivariate probit model with structural shift”
by Heckman (1978).2

This raises the question of whether it is possible to identify and consistently estimate the effect
of a dummy endogenous variable in nonseparable outcome equations such as discrete choice models
without imposing parametric distributional assumptions. One approach is to follow the analysis
of Heckman (1990a,b) to use “identification-at-infinity” arguments to identify and estimate the
average effect of the dummy endogenous variable on the outcome of interest if large support
conditions hold. In particular, this approach assumes that the propensity score has support equal
to the full unit interval, where the propensity score is the probability of receiving treatment
conditional on observed covariates.> The drawbacks of this method is that it requires very strong,
large support conditions, and that estimation that directly follows the identification strategy
involves estimation on “thin sets” and thus a slow rate of convergence.? Angrist (2001) suggests
that, if large support conditions do not hold, then the average effect of the dummy endogenous
variable in nonseparable models is identified only through distributional assumptions.® Angrist
(1991, 2001) proposes treating the outcome equation as a linear equation as an approximation,®
or using instrumental variables to identify the “local average treatment effect.””

1See, e.g., the discussion in Heckman and Robb, 1985.

2A closely related model is the simultaneous probit model of Amemiya (1978), in which a probit model contains
a continuous endogenous regressor. Later analysis of this model includes Lee (1981), Rivers and Vuong (1988),
and Newey (1986). See Blundell and Powell (2000) for analysis of a semiparametric version of this model. The
assumptions and methods used by Blundell and Powell (2000) are not appropriate for the case of a dummy
endogenous variable, and likewise the assumptions and methods imposed here are not appropriate for the case of
a continuous endogenous variable.

3Heckman (1990a,b) assumed that the outcome equation is additively separable in the regressors and the error
term, but his analysis extends immediately to the nonseparable case. See also Cameron and Heckman (1998) and
Heckman and Taber (1998) for identification-at-infinity arguments in the context of a system of discrete choice
equations. Heckman and Vytlacil (1991,2001a) also further develop relevant identification-at-infinity arguments.

4See Andrews and Schafgans (1998), Schafgans (2000), and Schafgans and Zinde-Walsh (200) for results for the
additively separable model.

5 Angrist (2000) states one exception to this rule, that average effect will be identified if one imposes conditions
such that average effect coincides with the local average treatment effect (LATE). This paper does not impose any
such conditions.

6See Bhattacharya, et al., 1999, for a related Monte Carlo analysis.

"The “local average treatment effect” (LATE) was introduced in Imbens and Angrist, 1994. Under their



Heckman and Vytlacil (2001b) establish that the large support assumption invoked for identification-
at-infinity arguments is necessary and sufficient for identification of the average effect of the
dummy endogenous variable in the case of a switching regression model if no auxiliary assump-
tions are imposed. However, the Heckman and Vytlacil (2001b) result is for switching regression
models, which leaves open the possibility of avoiding large support assumptions in nonseparable
models that are not of the form of switching regression models.

This paper shows that it is possible to identify and estimate the average effect of a dummy
endogenous variable in a nonseparable outcome equation (a) without imposing large support
conditions, and (b) without relying on parametric distributional or functional form assumptions.
This result holds in the a large class of nonseparable models referred to as “generalized regression”
models by Han (1987), and includes both threshold crossing models as used in discrete choice
analysis and transformation models such as the Box-Cox model and the proportional hazards
model with unobserved heterogeneity. A root-N consistent and asymptotically normal estimator
is developed for a special case of the model.

Other work that considers endogenous regressors in semiparametric or nonparametric nonsep-
arable models includes Altonji and Matzkin (1997), Altonji and Ichimura (1998), Blundell and
Powell (1999), and Imbens and Newey (2001).® Blundell and Powell (1999) and Imbens and Newey
(2001) consider estimation of the average partial effect of a continuous endogenous regressor in
nonseparable models, but their identification strategies are not appropriate for a discrete endoge-
nous regressor as considered in this paper. Altonji and Ichimura (1998) consider estimation of the
average derivatives of a general class of nonseparable outcome equations with tobit-type censoring
of the outcome, but do not consider the effect of an endogenous binary regressor. Altonji and
Matzkin (1997) allow for endogenous regressors in a panel data model with exchangeability. See
Blundell and Powell (2000) for a survey of this literature.

conditions, instrumental variables will consistently estimate LATE even though it will not consistently estimate
the average effect of the variable. See Heckman and Vytlacil (2000) for the relationship between the LATE
parameter and other mean treatment parameters including the average treatment effect, and see Vytlacil (2002)
for the connection between the assumptions imposed in Imbens and Angrist (1994) and the nonparametric selection
model. Another alternative is to use the instrumental variables assumption to bound the average treatment effect.
See Robins (1989) and Balke and Pearl (1997) for bounds that exploit a statistical independence version of the
instrumental variables assumption, and see Manski (1990, 1994) for bounds that exploit a mean independence
version of the instrumental variables assumption. See Manski and Pepper (2000) and Heckman and Vytlacil
(2001a) for bounds that combine an instrumental variables assumption with additional restrictions.

8Work on nonseparable models with exogenous regressors includes Matzkin (1991, 1992, 1993, 1999). There
is also a large literature on identification and estimation of the slope parameters of binary choice models without
parametric distributional assumptions and while relaxing the independence of the error terms and the regressors
to a weaker condition such as median independence (see, e.g., Manski 1975, 1988). This literature recovers the
slope parameters of the binary choice models but not the error distribution, and thus cannot answer questions
related to the average effect of one of the regressors on the outcome variable.



2 Model:

For any random variable A, let a denote a realization of A, let F4 denote the distribution of A,
and let Supp(A) denote the support of A. Let Y denote the outcome variable of interest and D
denote the binary endogenous variable of interest. Following Heckman (1978), consider

Y* = XgB+aD+e¢
DY = Zy+U

Y = 1Y >0]

D = 1D >0

where (X, Z) is an observed random vector, (¢,U) is an unobserved random vector, 1[-] is the
indicator function, (X, Z) 1L (¢,U), and (¢, U) is normally distributed. Heckman (1978) refers to
a model of this form as a multivariate probit model with a structural shift. In this model, the
average effect of D on Y given covariates X is F.(X( + ) — F.(X3). Heckman (1978) develops
the maximum likelihood estimator for the model.

This paper examines the more general model where one does not impose parametric distribu-
tion assumptions on the error terms, does not impose linear index assumptions, and is for a more
general class of outcome equations that include the above threshold crossing model as a special
case. In particular, we assume that Y and D are determined by:

Y = g(w(X,D),e) (1)
D = 1[0(Z) - U > 0] 2)

where (X, 7) € REx x REZ is a random vector of other observed covariates, (¢,U) € R? are
unobserved random variables, g : ®2 +— R, and v(-,-) : REX x {0,1} — R. We are assuming that
€ is a scalar random variable for simplicity, the analysis can be directly extended to allow € to
be a random element.” We will assume that (X, Z) is exogenous, in particular, that (X, 7) 1L
(e, U). This system of equations includes the classical case discussed above by taking J(Z) = Z9,
v(X,D) =X+ aD, g(t,e) = 1[{t + € > 0], and (¢, U) distributed joint normal. In the following
analysis, the functions v and g need not be known and no parametric distributional assumption
will be imposed on (¢, U).

The form of the outcome equation for Y is referred to as a generalized regression model by
Han (1987), who considered the estimation of v(-) when v(-) is known up to a finite dimensional
parameter vector and all regressors are exogenous.'® This form of the outcome equation for YV
imposes that (X, D) is weakly separable from e. This weak separability restriction will be critical

9See Altonji and Ichimura (1998) for related analysis that allows the error term to be a random element. I
would like to thank Hide Ichimura for suggesting this point to me.

10See also Matzkin (1991), who considers estimation of v(-) when curvature restrictions but no parametric
assumptions are imposed on v(-), and again all regressors are exogenous. Note that this paper differs from Han
(1987) and Matzkin (1991) both by allowing for the dummy endogenous variable and by defining the object of
interest to be the average effect of the endogenous variable and not recovery of the v function.
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to the following analysis, and makes the model more restrictive than the Roy-model/switching
regression framework considered in Heckman (1990a,b). The purpose of this paper is to exploit this
weak separability condition to by-pass the identification-at-infinity arguments for identification
and estimation which are required for nonparametric switching regression models.!! However, the
results in this paper will directly extend to the switching regression model of Y = g(v(X, D), €p)
with ep = De; + (1 — D)e, if one restricts €; and €y to have the same distribution conditional on
U.

The model for D is a threshold-crossing model. Here, ¥(Z) — U is interpreted as net utility
to the agent from choosing D = 1. Without loss of generality, assume that U ~ Unif|0, 1] and
Y(z) = P(z), where P(z) = Pr(D = 1|Z = z). P(Z) is sometimes called the “propensity score”,
following Rosenbaum and Rubin (1983).

I will maintain the following assumptions:

(A-1) The distribution of (U, €) is absolutely continuous with respect to Lebesgue measure on
R2;

(A-2) (U,e¢) is independent of (Z, X);

(A-3) g(v(X,1),¢) and g(v(X,0),€) have finite first moments;

(A-4) E(g(t,e)|U = u) is strictly increasing in ¢ for a.e. u;

(A-5) There exist sets Sk, and S% , with the following properties, where I; = 1[(X, Z) € Sg(’z],

(A-5-a) Pr[l; =1] >0, j =0,1.
(A-5-b) Pri0 < P(Z) < 1|, =1] =1
(A-5-c) P(Z) is nondegenerate conditional on (X, I; =1), j =0, 1.

(A-5-d) Supp[(v(X, 1), P(2))|1; = 1] CSupp[(v(X,0), P(2))].
Supp|(v(X, 0), P(2))| Io = 1] CSupp[(v(X, 1), P(2))].

Assumption (A-1) is a regularity condition imposed to guarantee smoothness of the relevant
conditional expectation functions. Assumption (A-2) is a critical independence condition, that
the observed covariates (besides for the treatment choice) are independent of the unobserved
covariates. Assumption (A-3) is a standard regularity condition required to have the parameter
of interest be well defined. We will strengthen (A-3) for estimation.

Assumption (A-4) is a monotonicity condition.’® Tt is important to note that (A-4) does
not require g to be strictly increasing in ¢, it does not impose any form of monotonicity of ¢
in €, nor does it impose any form of monotonicity on the vy, vy functions. One example of a

HHeckman and Vytlacil (2001b) prove that the large support conditions imposed in identification-at-infinity ar-
guments are necessary and sufficient for identification of the average treatment effect in general switching regression
models.

12The following analysis can be trivially extended to the case where E(g(t,€)|U = u) is strictly decreasing in ¢
for a.e. u.



model which will satisfy (A-4) is the transformation model, where g(to,€) = r(to + €), and r is
a (possibly unknown) strictly increasing function. This model is referred to as a transformation
model, and includes as special cases the Box-Cox model and the proportional hazards model with
unobserved heterogeneity. Since r is strictly increasing, condition (A-4) is immediately satisfied.
However, (A-4) also allows for cases where ¢ is not strictly monotonic in . An important special
case is the threshold crossing models for a binary outcome variable, where g(t,e) = 1(e < t) so
that E(g(t,€)|U = u) = Pr(e < t|{U = u). If Supp(e,U) = R x [0,1], then condition (A-4) is
immediately satisfied, even though ¢ itself is not strictly increasing.

Let X9 = {x : 3 2z st (x,2) € S§(7Z}, j = 0,1. The analysis for will be done for
r € X7. Condition (A-5-a) guarantees that these sets have positive probability. Condition (A-5-b)
guarantees there are both treated and untreated individuals with positive probability for (almost
every) realization of Z within the set. Assumption (A-5-c) requires an exclusion restriction: there
exists a variable that enters the decision rule for D but does not directly determine Y. Assumption
(A-5-d) is a support condition, which will be discussed at length later in this paper. As will be
shown in this paper, (A-5-d) has an empirical analog and it is possible to empirically determine
these sets even though they are defined in terms of the v function.

Our goal is to identify and consistently estimate the average effect of D on Y. Using counter-
factual notation, let

Yo = g(V(X’ d)? 6)

denote the outcome that would have been observed had an individual with observable vector X
and unobservable € been randomly assigned the “treatment” d. In this case, for any measurable
set A C Supp(X), we can define the average outcome if all individuals with observed covariates
X € A had been randomly assigned the treatment d = 1,

EWM[X € A) = E(g(v(X,1),6)[X € A),

and the average outcome if all individuals with observed covariates X had been randomly assigned
the treatment d = 0,
E(Ys|X € A) = B(g(v(X,0),0)|X € A).

In this notation, the average effect of D = 1 versus D = 0 is*
B(¥ — YilX € A) = Bg(v(X. 1), ) — g(u(X,0),) X € A).

Within the treatment effect literature, F(Y; — Yy|X € A) is referred to as the average treatment
effect.'®> Another parameter commonly studied in the treatment effect literature is the effect of

13Note that, since X is exogenous, the function ¢(x,d) = F(Y4|X = x) corresponds to the average structural
function as defined by Blundell and Powell (1999). From assumption (A-3), we have that E(Y;|X € A) and
E(Yy|X € A) exist and are finite for every set A such that Pr[X € A] > 0.

MFrom assumption (A-3), it follows that E(Y; — Y| X € A) exists and is finite for every measurable set A such
that Pr[X € A] > 0.

15See Heckman and Vytlacil (2000) for a discussion of treatment parameters and the connections among them.



treatment on the treated,'®
B(¥ ~ YolD = 1, (X, 2) € B) = E(g(v(x,1),¢) — g(v(z,0), D = 1.(X, Z) € B),

for any measurable set B C Supp(X, Z). This paper will include identification and estimation
results for E(Yy|X € A), E(Y1|X € A), the average treatment effect conditional on covariates,
E(Y) — Yy|X € A), and the effect of treatment on the treated conditional on covariates, F(Y; —
Y|(X,Z)e B,D=1).

3 Identification Analysis

In this section I assume that the distribution of (Y, D, X, Z) is known and consider identification
of the average effect of the dummy endogenous variable. In particular, I will show identification
conditions given that one knows the following functions over the support of (X, Z),!"

Pr[D=1|Z =2 = P(2)
EDY|X=2,Z=2) = PREM|D=1,X=x2,7=2z2) (3)
E(1-D)Y|X=2,Z=2) = (1-P(2)EXD=0,X=212=z).

We wish to identify the average effect of D on Y given covariates, E(Y; — Y| X = z), and thus
need to identify F(Y1|X = z) and E(Yy|X = x). Using equation 1 and that Z is independent of
e conditional on X, we have that Y7, Y, are mean independent of Z conditional on X, E(Y;|X) =
E(Y;|X,Z), 5 =0,1. Thus, applying the law of iterated expectations, we have that

EM|X =2)=PR)EM|D=1,X =2,Z =2)+ (1 — P(2))EM|D = 0,X =2, Z = 2),

E(Yo|X =2) = P()E(Yo|D=1,X =2,Z = 2) + (1 — P(2))E(Yo|D =0, X = 2,Z = 2).

From equation (3), we identify the first term of the first equation and the second term of the
second equation but we do not immediately identify the other terms. My analysis will use the
model to identify these terms.

To see how the identification analysis will proceed, note that for any version of the conditional
expectations that is consistent with our model of equations (1)-(2) and assumptions (A-1)-(A-4),

B(Yi|X =,Z = 2, D = 1) = E(g(v(z,1),)]U < P(2)) (4)

16From assumption (A-3), we have that E(Y; — Yy|D = 1, (X, Z) € B) exists and is finite for all measurable sets
B such that Pr((X, Z) € B) > 0.

TThroughout the identification section, a statement that a conditional expectation is identified or known is
used a shorthand for the more correct statement that the appropriate equivalence class of conditional expectation
functions is known. For example, the statement that the function P(z) = Pr[D = 1|Z = z] is known is a shorthand
for the statement that the Fz-equivalence class, [P] := {qg € L! : ¢ = P a.e. Fyz}, is known. In the estimation
section, smoothness conditions will be imposed which will imply that the conditional expectations are unique
subject to the smoothness conditions, but no such smoothness conditions are imposed here for identification.



EWV|X =2,Z=2D=0)=E(g(v(x,0),e)|U > P(2)), (5)

where we have substituted in the models for D and Y and are using the independence assumption
(A-2). The problem is to identify

EYo|X =2,Z=2D=1)=E(9(v(x,0),¢)|U < P(2)), (6)

ENM|X =2,Z=2D=0)=E(g(v(z,1),e)|U > P(2)). (7)

The central idea for the identification analysis is that if we can find shifts in X which directly
compensate for a shift in D, then we can use information from equation 4 to fill in the missing
information for equation 6, and from equation 5 to fill in the missing information for equation 7. In
particular, if we identify (x, z1) and (x¢, z) pairs such that v(z,0) = v(z1,1) and v(z, 1) = v(z,0),
then evaluating equation 4 at x; tells us the answer for evaluating equation 6 at z, and evaluating
equation 5 at xg tells us the answer for evaluating equation 7 at x. Because of selection (D being
endogenous), we cannot immediately use the conditional expectations in the data to recover such
pairs. However, given our model and assumptions, we can use the variation in the conditional
expectations for changes in Z to identify such pairs. Given that equations 6 and 7 are identified
by this procedure, then (a version of) E(Yy|X = z), E(Y1|X = z) and thus E(Y; — Y| X = z)
will be identified if the appropriate support condition holds.

For the identification analysis, it will be convenient to work with expectations conditional
on P(Z) instead of conditional on Z. Note that, given our assumptions, we have that any
version of the conditional expectations that is consistent with our model of equations (1)-(2) and
assumptions (A2) and (A3) will satisfy the following index sufficiency restriction,

EDY|X =2,Z=2) = EDY|X ==z, P(Z)=P(z)),

E(1-DY|[X=2,Z=2) = E((1-D)Y|X = x,P(Z) = P(2)). ®)
Define
hi(po,p1, ) = mipJEun¢X=LPQn:pQ—Eunwxzapujzmﬂ
immmw):-h!mimu—mﬂxzapwpwg—Ma—mnxzammzmﬂ.

One can easily show that

EY|X=2,P(Z)=p) - EBEY|X=12,P(Z)=
hi(po, p1, ) — ho(po, p1,x) = (¥l (2) p;)z—po( | (2) ]90)'

This expression is the probability limit of the Wald IV estimator with P(Z) as the instrument
shifting from P(Z) = py to P(Z) = p;."® hy and hq individually have the form of the probability

18This is the form used by Heckman and Vytlacil (1999, 2001a) for the LATE parameter, building on Imbens
and Angrist (1994).



limit of the Wald IV estimator applied to DY and (1— D)Y separately. Evaluating hq(po, p1, 1) —
ho(po, p1, o) with xg # x4, the difference has a form similar to the Wald IV estimator but shifting
X and the instrument simultaneously. We will use the hy, hy functions to uncover (z,x;) pairs
such that v(x, 1) = v(zo,0).

Let sgn(t) denote the sign function, defined as follows:

1 ift>0
sgnftj =<0 ift=0
-1 ift <0.

We then have the following Lemma.

Lemma 3.1 Assume that (D,Y') are generated according to equations (1)-(2). Assume conditions
(A-1)-(A-5). Then

sgn[hi(po, p1, 21) — ho(po, p1, To)] = sgn[v(z1, 1) — v(wo, 0)].
Proof: See Appendix A.

We thus have that hi(po, p1, 1) — ho(po, p1, o) = 0 implies v(z1,1) = v(20,0). In other words,
if hq(po, p1,x1) = ho(po, p1, o), then shifting X from xy to z; directly compensates for shifting
D from 0 to 1. Note that if hy(po, p1, 1) — ho(po, p1,x0) = 0 for some (po, p1) evaluation points,
then hq(po, p1, 1) — ho(po, p1,z0) = 0 for all py, p; evaluation points. Let

hi'ho(zo) = {x € Supp(X) : 3 po,p1 such that hi(po,p1,x) = ho(po, p1, 7o)} (9)
ho'hi(z1) = {x € Supp(X) : 3 po,p1 such that hi(po,p1,21) = ho(po, p1,2)}-

From Lemma 3.1, we have that
x € hy'ho(xo) = v(z,1) = v(x0,0)

x € hy'hy(x1) = v(zy,1) = v(z,0).

There is a support condition required in order to be able to find such pairs — one needs to find
enough variation in X to compensate for a shift in D. Recall that X7 = {z : 3 z s.t. (z,2) € ng},
j =0,1. From assumption (A-5-d), we have that, for any x € X, there is enough variation in X
to compensate for a shift from D = 1 to D = 0. Likewise, for any x € X°, there is enough varia-
tion in X to compensate for a shift from D = 0 to D = 1. In particular, we have that h; 'ho(zo) is
nonempty for zo € X°, and hy'hi(z;) is nonempty for z; € X*. We have the following theorem.

Theorem 3.1 Assume that (D,Y’) are generated according to equations (1)-(2). Assume condi-
tions (A-1)-(A-5). Assume that the distribution of (D,Y, X, Z) is known.



1. For any A C X°, E(Yy|X € A) is identified and given by

E(Yy|X € A) — / U (E(DY|X € h'ho(x), P = p)
+E(U=D)YIX = 2P = ) ) dGrx o) | Py )

where Fx|4 is the distribution function of X conditional on X € A, and Gpx is any
distribution function that is absolutely continuous with respect to the distribution of P(Z)
conditional on X.

2. For any A C X', E(Y1|X € A) is identified and given by
E(Wi|X € A) = /[/(E(Dwx — 2, P =p)
+E((1 = DIYIX € 5" (e, P = ) ) dGrix(olo)] P ate)

where Fx|4 is the distribution function of X conditional on X € A, and Gpix is any
distribution function that is absolutely continuous with respect to the distribution of P(Z)
conditional on X.

8. For any A C 8% ,, E(Y1 —Yol(X, Z) € A, D = 1) is identified and given by

E(Yi — Yo|X € A, P(Z) = p,D =1)
= BE(Y|(X,Z) € A,D=1) — /E(Y|X € hi'ho(x), Z = 2, D = 1)dFy g, 2)

where Fx 714 is the distribution function of (X, Z) conditional on (X,Z) € A.

4. For any A€ X°N X!, E(Y1 — Yo|X € A) is identified and given by

E(Y, — Yo|X € A) = /U (E(DY|X — 2, P=p)+ B((1 - D)Y|X € hy'hi(z), P = p)
— B(DY|X € hi*ho(x), P = p) — B(1 - D)Y|X =2, P — p>)dapx<p\x>] 0Fy xen()

where Fx|4 is the distribution function of X conditional on X € A, and Gpix is any
distribution function that is absolutely continuous with respect to the distribution of P(Z)
conditional on X.

Proof: See Appendix A.
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The requirement that A C X7 involves two types of support conditions. One is that there is
sufficient variation in P(Z) conditional on X for X € A. This requires that there be an exclusion
restriction, a variable in Z that is not contained in X. The second, less standard type of support
condition is that it is possible to find variation in X that compensates for a change from D = 0
to D = 1. This support condition is likely to fail near the boundaries of the support of X, as
illustrated by the following example.

Illustrative Example: To illustrate the conditions of Theorem 1, take the special case
of a threshold-crossing model with linear indices. In particular, assume that the true data

generating process is:
Y =1(e < X3+ D),

D=1(V < Zv)

with (e, V) independent of (X, Z), having a distribution which is absolutely continuous with
respect to Lebesgue measure on R?, and having support 2. We can map the equation for
D into the form of equation 2 by taking U = Fy (V). We thus have

EDY|X =2, P=p) = Pr(V<F;(p)
E(1-D)Y|X =x,P=p) = Pr(V>F,;(p)

xf+9),

€S
76§',’U>7

and thus

hi(po,p1,2) = Pr(Fx;l(Po) <V < F‘;l(Pl),E <zf+6),
ho(po, p1,x) = Pr(EFy'(po) <V < Fit(pr),e < xp).

Suppose that (X, Z) has support equal to the cross product of the support of X and the
support of Z, Supp(X, Z) = Supp(X)x Supp(Z). For simplicity, suppose that the support
of X3 is an interval, Supp(Xf3) = [t1,ty]. Then

hi'ho(zo) = {z € Supp(X): (zg —z)8 = &}
ho'hy(z1) = {x € Supp(X) : (z — 21)8 = 6},

and

X' = {zeSupp(X):2B+68 €[ty ty]}
X° = {z & Supp(X):zB €[ty +6,ty + I}

Thus, if § > 0,
XlﬂXO = {x € Supp(X) : 20 € [tp + 6, ty — I]}
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and if 6 <0,
Xlﬂ)(o = {x € Supp(X) : 20 € [t — 6, ty + 0]}.

In this example, E(Y; — Y| X = ) is identified for all € Supp(X) if Supp(X () is un-
bounded. If the support of X3 is bounded, then E(Y; — Y| X = ) is identified for some x
values if ty — t;, > 26. It will not be identified for x values such that z/3 is within ¢ of the
limits of the support of Xf.

The conditional expectations E(Yy|X = ) and E(Y;|X = z) need not be identified for all = €
Supp(X), and thus E(Y; — Y5|X = z) need not be identified for all z € Supp(X). In the case
where these quantities are not identified for a given x value, we can bound these quantities. We
now consider bounds on F(Yy|X = x). Define

z/{(-TO) = {.T : d P1,Po, P1 > Do, such that (xaPO)a ($O>p0)> (mapl)a (3707171) € Supp(XaP<Z))a
and hl(p(bpl)x) - h()(pOaplva) Z 0}

ﬁ(l’o) = {iU : 3 p1,po,p1 > po, such that (%Po), (3307190), ($,p1)7 (9007191) € Supp(X,P(Z)),
and hl(p(bpl)x) - ho(p()vplva) S 0}

From Lemma 3.1, we have
x € U(xg) = v(x,1) > v(x0,0)

x € L(xg) = v(z,1) < v(x,0).
We now have the following theorem.

Theorem 3.2 Assume that (D,Y’) are generated according to equations (1)-(2). Assume condi-
tions (A-1)-(A-5). Let Gpjza,(p) denote any distribution function which is absolutely continuous
with respect to the distribution of P(Z) conditional on X = x and with respect to the distribution
of P(Z) conditional on X = xzo. If U(z0) is nonempty, then BY(x¢) > E(Yy|X = x¢), with

B0 = int { [ B(1= DYIx a0 p(2) =
+EDY|X = 2. P(2) = )] dGri0) -

If L(z0) is nonempty, then B (zy) < E(Yo|X = x0), with
B = sw { [ B DYIX =00, P(2) =
z€L(x0)

L E(DY|X = 2, P(Z) = p>] (G <p>}.
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Proof: See Appendix A.

Note that the value of / [E((l —D)YI|X =20, P(Z) =p)+E(DY|X =2,P(Z) = p)} dG piz,z0 (D)

and of /{E((l —D)Y|X =20, P(Z) = p)+ E(DY|X = z,P(Z) = p)} dG plz,z,(p) does not

depend on the choice of Gpj, 4, distribution as long as the distribution is absolutely continuous
with respect to both the distribution of P(Z) conditional on X = x and the distribution of P(Z)
conditional on X = z,. When there exists © € U(xy) (or in U(zg)) such that hy(po, p1,x) =
ho(po, p1, To) for some p; > po, then the bounds collapse to point identification. Similar bounds
can easily be constructed for E(Y;|X =z), E(Y; — Yo|X =x), and E(Y} — Y| X =2,D =1).

The selection model considered here is a special case of that considered by Heckman and
Vytlacil (1999,2001a), so that their bounds on E(Y; —Y,|X = x) immediately apply to the present
model if we assume that the outcome variable Y is bounded.'® The additional assumptions invoked
in this analysis beyond what was assumed in Heckman and Vytlacil (1999,2001a) allows us to
construct bounds that do not require Y to be bounded and which collapse to point identification
without large support conditions. However, while Heckman and Vytlacil (2001b) establishes that
the Heckman and Vytlacil (1999,2001a) bounds are sharp given there assumptions, there is no
similar result yet for the bounds of Theorem 3.2. Whether the bounds of Theorem 3.2 can be
improved upon thus remains a question for future research.

I conclude the section by considering the testable restrictions imposed by the model. The
assumption of a selection model imposes testable restrictions. Heckman and Vytlacil (2001a)
consider a model which includes the model of the present paper as a special case, and derive two
testable restrictions of the model.

Testable Restriction (1): Index sufficiency,

Pr(DY e A|X =a,Z=2) = Pr(DY € A|IX =x,P(Z) = P(z)),
Pr(l1-D)Y e A X=x,Z=2) = Pr((1-D)Y € A|X ==z, P(Z) = P(2)).

Testable Restriction (2): If Pr[Y; > yl|X = z] = 1, Pr[Yy > ¢%|X = 2] = 1, then E[(Y, —
y0)(1— D) | X,P(Z) = p] is decreasing in p and E[(Y; —yl)D | X, P(Z) = p| is increasing
in p.

The model of this paper implies additional testable restrictions. Under conditions (A-1)-(A-5),
we have

19See Heckman and Vytlacil (2001b) for the relationship between the bounds of Heckman and Vytlacil
(1999,2001a) and the instrumental variable bounds of Balke and Pearl (1997) and Manski (1990, 1994).
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Testable Restriction (3):

‘//(M(po;phm) - ho(Po,Phwo))dG<P0|iE0,$1)dG(p1|Ioa$1)

o

where G(-|xg,21) is any distribution function that is absolutely continuous with respect
to both the distribution of P(Z) conditional on X = z; and the distribution of P(Z)
conditional on X = zg.

h1(po, p1, ¥1) — ho(po, P1, o) )dG(po|$o,$1)dG(p1|$0a931)

Testable Restriction (4): Define U(z), L(x), BY(z), B¥(x) as in the statement of Theorem
3.2. Let A denote the set of « values such that both U (z) and £(z) are nonempty. Then

i YU(x) — B > (.
inf [B™(2) — B™(2)| 2 0

Testable Restriction (3) follows directly from Lemma 3.1, while Testable Restriction (4) follows
directly from Theorem 3.2.

4 Estimation

For simplicity, the estimation analysis will proceed under the assumption that Z contains a
continuous element not contained in X. Recall that the identification analysis of the previous
section does not require this assumption, and note that the following estimation strategy can
be adapted for the case where Z contains only discrete elements. For ease of exposition, I only
consider estimation of E(Yp). However, estimation of E(Y]) is completely symmetric, which in
turn implies an estimator for the average treatment effect.

Given that Z contains a continuous element, and given smoothness conditions on P(Z) and
E(Y|X,P(Z),D) as functions of Z, we can work with the derivative form of the hy and hy
functions. In particular, let

0

hi(z,p) = a—pE(DY\X =1,P(Z) =p)
ho(x,p) = —(%E((l — D)Y|X =z, P(Z) =p)

and
q(tl,t2> = E(YlD = 1,h1(X, P(Z)) = tl,P(Z) = tQ)

Define hi'(ty;ts) = {z : hi(z,ta) = t1}, hy'(ti;t2) = {7 : ho(z,t2) = t;}. For a given t;, o,
x1 € hi'(ti;ty) and @9 € hg'(t1;ty) implies that o1 € hy'ho(zo) where hy*ho(-) was defined in
equation (9). From the identification analysis of the previous section, we have that
q(tl,tg) = E(K’D = 1,X € hfl(tl,t2)7P<Z) = t2)
= E(Y|D=1,X € hy'(t1;t2), P(Z) = t5)
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Assume that the support of (hy(X, P(Z)), P(Z)) contains the support of (ho(X, P(Z)), P(Z)) so
that we can evaluate q(t1,t2) at all (¢, t2) evaluation points in the support of (ho(X, P(Z2)), P(Z)).
Let P, = P(Z;), hji = h;(X;, P;), and assume that {(X;, Z;, D;,Y;) : i =1,..., N} is an i.i.d sample.
The identification analysis then suggests the following infeasible estimator of E(Y}),

A 1

A== Z {(1 — D;)Y; + Diq(ho;, P,-)} :
Theorem 4.1 Assume conditions (A-1)-(A-5). Assume that {X;, Z;, D;,Y; i =1,..., N} isi.i.d,
that Yy has a positive, finite second moment, and that the support of (hi(X, P(Z)), P(Z)) contains
the support of (ho(X, P(Z)), P(Z)). Then

\/N(A—\/_VA) < N(0, 1),
where

A = B(Y)

%4 Var [E <YO

X, P, D)} + E{u —P) Var(YO

X,P,D:O)}

Proof: From Theorem 3.1, we have that ¢(ho;, P;) = E(Yo|D = 1,X = X;, P(Z) = F;). The
theorem then follows from applying the Central Limit Theorem for i.i.d. data with a positive,
finite second moment.

The estimator has the form of an imputation based estimator, with the value of Y for those
with D = 1 being imputed. The form is reminiscent of a matching estimator (see, e.g., Heckman,
Ichimura, and Todd, 1998, and Hahn,1998). However, the underlying assumptions of the matching
estimator is different from those assumptions imposed here, and the form of the imputation is
quite different as a result. If D; = 1, then the matching estimator uses E(Yy|D = 0, X = X;) to
impute Yp;. The missing Yy; information for D; = 1 observations is filled in using Yy, data from
D; = 0 observations that have (approximately) the same value of X. In contrast, the estimator
proposed here fills in the missing Yy, information for D; = 1 observations using Y, information
from Dy = 1 observations that have different values of X, with the different value of X chosen in
a way to compensate for the effect of D. These very different imputation procedures are driven
by the difference in the underlying assumptions.

The above estimator would be feasible if the functions P(-), hi(-,-), ho(+,-), and E(Y|D =
1,hm(X,P(Z)) = -,P(Z) = -) were known. They are not known, which suggests using a two
step semiparametric estimator where these unknown functions are replaced by consistent, non-
parametric estimates. In addition, trimming is needed in practice for two reasons. First, to
get uniformly consistent estimates for P, hg and h; functions, we have to trim out those ob-
servations of (X;, Z;) for which the value of the density fx 7 is low. Second, we have assumed
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thus far that the support of (hy(X, P(Z)), P(Z)) contains the support of (ho(X;, P(Z;)), P(Z;)),
but this is not a realistic assumption. Thus, we need to trim out those observations for which
fny.p evaluated at (hi(X;, P(Z;)), P(Z;)) is low. Let the two trimming functions be denoted by
]1i = ]-{fX,Z(Xiy Zz) Z qu} and ]27; = ]-{fhl,P(hOia R) Z QQQ}, where qdo1, Qo2 > 0. These trlmmlng
functions are not known since the corresponding densities are not known, and thus these trimming
functions must also be estimated. Thus, consider

NZ ( )Y+DZQ(h0u 7,) 111[22
%szlzjm

where P, = P(Z;) with P(:) a consistent nonparametric estimator of P(-), and so forth, and
I = 1{fX,Z(Xi7Zi) > qo1}, Iy, = 1{fﬁ1715(ﬁ()i,ﬁi) > qo2}. In current work, I am deriving the
asymptotic distribution of this estimator when local polynomial regression estimators are used
in a first step for these unknown conditional expectations functions. See Appendix B. Note
that these estimation results are not finished. The preliminary results are that under regularity
conditions

A=

(i) P(2) is asymptotically linear with trimming;:

[P(2) — P(2)]11(2, 2) Z%P D;, X, Zisx, 2) + bp(2) + Rp(2)

] 1

where n= 23" | Rp(X;, Zi) = 0,(1), plimy, .oon 20 bp(X;, Zi) = bp < oo,
E[¢nP(Di:Xia sz X> Z|X =T, Z = Z] =0.

(ii) ho(z, P(2)) is asymptotically linear with trimming:
[ho(@,P(2).0)~ho(@,P(2)0)| i (w2) = N1 pj.vzlthhD(f(1ij)Yj,Xj,P(zj);x,zH%f(Z”wnP(Dj,Xj,zj;x,z)i
+ I;;LO(a:, z) + }A‘E;LO (z,2)
with plimN_m\/—lﬁ Zj\; IA);m(Xj, Z;) = bpy + bpyp < 00, plimN_)oo\/Lﬁ Zj\le }?i;lo (X;,Z;) =0,
(iii) \/—% > Dj [(j(ﬁoj, P;) — q(hoy, JDj)]flijj is asymptotically equivalent to
v Lo St pyYna(Yes i P X5, Z5, Py hoy) I + b,

(iv) VN[A — E(Yy|A; N Ay)] is asymptotically equivalent to

-1

[% 3 qum}

1
X (_\/N ;E[Djlzjw(Di,Y;,Xi, Zi; X5, Z)|Ya, Dy, X, Zz-] b

Z { ) Yi + Dig(hoi, P;) — E(Yo|A1 N AZ):| fufm')
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where
Ay = {(z,2) € supp(X, 2) : fxz(z,2) > qoi},

A2 = {(‘7“72) € Supp<X’ Z) : fh1,P(hO(‘r7P<Z))7P(Z)) Z %2};
b = bygp + bgng + bgner + by,

and
dq
W(D;, Y, X, 2 X5, Z5) = a—P(hOij)l/fNP(Di,YuXi,Zz‘;XjaZj)
0 1
+ _q(h0j7 P)Unnop(Di, Ys, Xi, Zi; Xy, Z5) + 5o~ Ung(Ya, has, P X5, Zj, Py, hoy),
8h1 P(Z])
with

Unnop (D), Y), Xj, Zj5 @, 2) := thwno (— (1 = D;)Y;, P(Z;), X P(2), @, 2)
Oho(P(2),x

+ %M\;MDWX]-, Zjx, z).
The main argument and the regularity conditions are presented in Appendix B. Result (i), that
P(z) is asymptotically linear with trimming under regularity conditions, is proven in Appendix
C.1. Result (ii), that ho(z, P(z)) is asymptotically linear with trimming under regularity con-
ditions, is proven in Appendix C.2. Result (iii), that \/LN Zj D; [(j(hoj,Pj) — q(hoj,Pj)]IleQj is
asymptotically equivalent to a particular sum, is proven in Appendix C.3. Results related to the
trimming functions are collected in Appendix C.4. Appendix B combines these results to show
result (iv), which in turn establishes the asymptotic distribution theory for my estimator. These
results are still preliminary and incomplete.

5 Conclusion

This paper has shown identification and a consistent estimator of the average effect of a dummy
endogenous variable in a nonparametric, nonseparable model. While the paper has only considered
nonparametric identification and estimation of treatment effects, the results are promising for
identification more generally in models with dummy endogenous variables. For example, the
results can easily be extended to identification and estimation of the structural parameters of
semiparametric models with dummy endogenous variables. As another example, the analysis of
this paper can be immediately applied to identify state dependence in panel data models with
binary outcomes as long as there is a time-varying continuous regressor and the lagged dependent
variables do not have random coefficients associated with them.
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A Identification Proofs

Proof. (Lemma 3.1)

Consider the case where p; > pg. (the case where py < p; is symmetric). Consider the
numerator of hy(po, p1, 1),

E(DY|X = a1, P(Z) = p1) — B(DY|X = x1, P(Z) = po)
P1 Po
= / EY|X =2,,U = u)du—/ EY1|X =2,,U = u)du
0 0

P1
= / EMWi|X = 21,U = u)du

Pg

= /plE(g(y(xl, 1),6)|U = u)du,

Po

where the last equality is using assumption (A-2). Likewise, for the numerator of ho(po, p1, o),
we have

——ﬂa—mwxszwwwn—mu—mwx:mfwwwﬂ

= /plE(g(V(a:O,O)eﬂU = u)du.

Po

Thus,

1 P1
h1(po, p1, 1) = ho(po, 1, To) = / E(g(v(z1,1),€) — g(v(20,0),€)|U = u)du.
P1 — PoJp,

Using assumption (A-4), we have that the sign of this expression will be determined by the
sign of v(x1,0) — v(zp,1). Q.E.D..

Proof: (Lemma 3.1) Consider assertion (1). By Lemma 3.1, v(#,1) = v(z,0) for any & €
hi'ho(x). Thus,
E(DY|X € hy'ho(z), P(Z) = p)
[

= EQ1[U < P(2)|g(v(X,1),€)|X € hi'ho(x), P(Z) = p)

uuzmmmawxwemxehﬁ%@xpzpﬂdaU
U

1[U < plg(v(x,0),€)dFep

/
— / /1[ < plg(v(x,0),€)dG(Z| X € hi‘ho(z), P(Z) = p)} dF .y
/
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where G(#|X € hy'ho(z), P = p) is the distribution of X conditional on X € hy ' ho(x), P =
p, and F, ;s is the distribution of (e, U). The first equality follows from plugging in the model
for Y and D given by equations (1) and (2); the second equality follows from assumption
(A-2), that (X, Z) 1L (¢,U); and the third equality is using that v(Z,1) = v(z,0) for any
& € hy'ho(x) by Lemma 3.1. Thus,

E(DY|X € hi'ho(z),P =p) + E((1 - D)Y|X =z, P = p)
= E(DYo|X =z, P =p)+ E((1 - D)Yo|X =z, P =p)
E(Yo|X =z, P =p)
= E(Yo|X = :c)

so that

/<E(DY|X € hi'ho(z),P=p)+ E(1-D)Y|X =2,P = p))de|X(p|x)

— /E(Y0|X = 2)dG p|x (p|7)
= E(Y|X =x)

and the result now follows immediately. Assertions (2) and (3) follow from analogous argu-
ments, and assertion (4) follows from assertions (1) and (2). QED.

Proof: (Lemma 3.2) For any x such that hy(po, p1, z) — ho(po, p1, o) > 0, we have v(z,1) >
v(x,0) by Lemma 3.1. Thus, for any = € U(xy),

E(1=D)Y|X =2, P(Z) =p)+ E(DY|X = 2, P(Z) = p
)

(

= E((1-D)Yo|X =0, P(Z) =p) + E(1[U < P(2)]g(v(X, 1
= E((1-D)Yo|X = o, P(Z) =p) + EUU < plg(v(z,1),€))
> E((1-D)Yo|X =, P(Z) = p) + EL{U < plg(v(zo,0),€))
= E((1 - D)Yo|X =0, P(Z) = p) + E(DYo|X = xo, P(Z) = p)
= E(Y|X =z, P(Z) =p)
= FE(Y|X = x0)

and thus

xeiun(go){E(a — D)Y|X =20, P(Z) =p) + E(DY|X =z, P(Z) = p)} > E(Yo|X = ).

The lower bound follows from the analogous argument. QED.
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B Estimation Proofs: Main Results
(PRELIMINARY AND INCOMPLETE)

1 & [(1-Dy)Y; + Di(ha, ]Sz)]flzfm

VN(A — E(Ys|A N Ay)) = 0 — B(Yo|(X,Z) € A, N Ay)
VN ; N1y Iy
1 i [(1 = Dy)Yi + Dig(hoi, P;) = E(YV|(X, Z) € Ay 0 Ay)] il
VN 5 NS Tl
where

P(z) = E(D|Z=2)
P(z) = E(D|Z=z)

(e, P() = B[~ (1= D)YIX =, P(Z) = P(2)
W, P(2) = SB[~ (1= D)YIX =, P(Z) = P(2)
hi(z, P(2)) = 8(33 [DY|X =2,P(Z) = P(2)]

q(ho(x, P(2)), P(2)) = E(Y|D=1,l(X, P(Z)) = ho(w, P(2)), P(Z) = P(=))
q(ho(z, P(2)), P(2)) = E(Y[D=1mn(X,P(Z))=h

and
L = {fXZ X, Z;) }
L; = 1{fXZ(Xz>Z) > qo1}
b = 1 fiyxpizn o (ol Xi P(Z), P(Z) = 4o}
Iy = {fux.pz).pe(ho(Xi, P(Z:)), P(Z:)) > oo }
A = {(z,2) € SUPP(X7 Z):f (w,z > qor}
Ay = {(x,z) € supp(X, 2) : fo(x,p(2),pz)(ho(x, P(2)), P(2)) > %2}

with kernel density estimators used for density estimation and local polynomial regression used
for estimation of the conditional expectation functions. To study the asymptotic properties of
our estimator, we break it into several pieces and study the behavior of each piece separately. In
analyzing the behavior of each piece we will rely on the results stated in Heckman, Ichimura and
Todd (1998) extensively. On the other hand, our estimator embodies trimming functions, which
rely on estimators for the underlying densities. In the following, we will rely on a theorem stated
in Silverman (1978) to argue that the kernel density estimators that the trimming functions are

24



based on approach the true density in the sup norm. Before starting our analysis, let us state the
equicontinuity and Hoeffding, Powell, Stock and Stoker lemmas used in Heckman, Ichimura and
Todd (1998) and Theorem A of Silverman (1978).

To set up the notation for Silverman’s theorem suppose gy is the kernel estimate for the
multivariate density g defined by

N
- Xz _
=S NIk ( - x)
i=1 h
The following conditions are used in Silverman’s theorems:

(C): (a) K is uniformly continuous (with modulus of continuity wz) and of bounded variation

(K)
(b) f|K )|dz < 0o and K (z) — 0 as ||z|| — oo

c f le

(d) f\/| xlogl!ﬂf\l)ll!dff(x)Koo

Theorem (A): Suppose K satisfies conditions (C) and g is uniformly continuous. Suppose h—0
and (Nh?)" log N — 0 as N — co. Then, defining gy as above,

<
INQ

sup gy —g| — 0 a.s. N — oo

If K is everywhere differentiable and G denotes the empirical measure

ﬁg%]:( ):—/fﬁf(' (t;"”) G (t)

has the same structure as g, with K replaced by K’. Therefore, as long as g has uniformly continu-
ous partial derivatives and conditions (C)(a), (b) and (d) are satisfied by K’, and (Nh*!)~!log N —
0 as N — oo, for each k € {1, ...,d}, we have

8xk a’Ek

N — oo

sup ‘

To state the two lemmas from Heckman, Ichimura and Todd (1998) we need to define some
notation: For r = 1 and 2, let 8" denote the r-fold product space of S C R? and define a class
of functions Ay over S8”. For any Ay € Ay, write Ay, as a short hand for either Ay(s;) or
AN (8iy, 8iy), where iy # i3. We define UyAy = >, Any,, where ). denotes the summation over
all permutations of r elements of {sq, ..., sy} for r =1 or 2. Then UyAy is called a U-process over
An € Ay. For r = 2, we assume that Ay(S;,S;) = An(S;,5;). Note that a normalizing constant
might be included as a part of Ay. We call a U-process degenerate if all conditional expectations
given other elements are 0. When r = 1, this condition is defined to mean that EAy = 0.
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In the following, we assume that Ay is a subset of £2(P"), the £? space defined over 8" using
the product measure of P, P". Ny(7,P, Ay) denotes the £? covering number of Ay. On the other

hand, [[An|]2 == /D2 E(Ang,)?

Equicontinuity Lemma: Let {S;}, be an iid sequence of random variables generated by P.
For a degenerate U-process {UyAx} over a separable class of functions Ay C £2(P") suppose the
following assumptions hold:

(i) There exists an Fyy € L2(P") such that for any Ay € Ay, [Ay| < Fy such that
limsupy ., Y., E(Fy,; ) < oo;

(if) For each 0 > 0, limy_.oo >, E(Fy,; {Fn > 0}) =0;

(iii) There exists a(7) and 7 > 0 such that for each 0 < 7 < 7, supp No(7, P, A,,) < a(7) and
Jy llog av(t)]"/2dt < oc.

Then for any € > 0, there exists 6 > 0 such that

lim P ( sup Uy (AN — don)| > 6) =0

N—oo A —A2n||2<6

Hoeffding, Powell, Stock and Stoker Lemma: Suppose {S;}¥, is i.i.d., Uydy = (N(N —
1)~ >0 An(Si, S;) where Ay is symmetric in its arguments, E[Ay(S;,S;)] = 0, and UyAy =
N1 Zfil 2pn(Si), with pn(S;) = E[AN(S:, S;)|S:]. If E[An(S;, Sj)%] = o(N), then NE[(UyAy —
UnAn)? = o(1).

Now we are ready to state our assumptions. Suppose {;LNI}7 f(l, {;LNQ} and f(g denote the
bandwidth parameter sequence and kernel function used to estimate fx z and fj, p, respectively.
Similarly, let {hxp}, {hnn} and {hy,} and K| K" and K7 denote the bandwidth sequences and
kernel functions used in estimating, P(Z), hy (h)* and ¢, respectively. We will call a function
p-smooth if it is p 4+ 1 times continuously differentiable and its p 4 1% derivative is Holder contin-
uous with parameter 0 < a < 121,

Assumption B.1 {D;,Y;, X;, Z;} are i.i.d., (X;,Z;) takes values in R¥* x Rz = R? and
var(Y;) < oo

Assumptions related to the estimation of fx ; and f;, p:

20We can use the same kernel function and bandwidth sequence in the estimation of hy and h;.

21'We use the same definiton as in Heckman, Ichimura and Todd. Namely, we say a function g is Holder continuous
at X = xo with constant 0 < a < 1 if |o(x,t) — (0, t)| < C||x —x0||* for some C > 0 for all x and ¢ in the domain
of the function o(-,-). We assume that Holder continuity holds uniformly over ¢ whenever there is an additional
argument.
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Assumption B.2 (a) fxz and fy, p are both uniformly continuous and have uniformly con-
tinuous first derivatives.

(b) fxz, P(Z), (X, P(Z)), ho(X,P(Z)) and fn, p are all py-smooth with p, > d.
(¢) Let gor >0 and qoo > 0 be such that

(i) qo1 has a neighborhood U such that fx z(X,Z) has a continuous Lebesgue density that
is strictly positive on U. Moreover for each (z,z) € f)}ylz(U), |Dfx z(z,2)|| > 0.

(11) qoz has a neighborhood V' such that f,, p(hi1(X, P(Z)), P(Z)) has a continuous Lebesque
density that is strictly positive on V. Moreover for each (x,z) € f;}Z(U),
1D fny, p(ho(, P(2))]] > 0.

(d) (i) For each z € supp(Z) such that there exists an = € supp(X) with (z,2) € fx ,(U),
IDP(2)]] > 0.

(ii) For each (z,z) € f)}’lZ(U), ||Dyhi(x, P(2))|| >0, and ||Dphyi(x, P(2))|| > 0.
(e) Ki, K!, K, and K} satisfy the conditions of Theorem (A). Moreover, K, is Lipschitz.
(f) (i) hy1—0, % — 0.

(ii) hyo — 0, j\;’;Lg—SN—>O and N2, — ¢ € (0, 00].

Assumptions related to the estimation of E(D|Z):

Assumption B.3 (a) E(D;|Z; = z) is pp-smooth with pp > d,. The point z is in the interior
of the support of Z.

(b) Bandwidth sequence {hyp} satisfies hyp — 0, Nh%,/log N — oo, and Nh% — cp €
(0, 00).

(c) Kernel function Kt is symmetric, supported on acompact set, and is Lipschitz continuous.
Also it has moments of order pp + 1 through pp — 1 that are equal to 0.

Assumptions related to the estimation of E(DY|P(Z),X) and E(—(1 - D)Y|P(Z),X):

Assumption B.4 (a) E(DY|P(Z)=p,X =z) and E(—(1—D)Y|P(Z) = p, X = x) are both
Dp,-smooth with Dy, > d, + 2. The point (p,x) is in the interior of the support of (X, P(Z)).

(b) {hnn} satisfies Nhh!/log N — oo and NhQ(ph V' ¢ < 00 for some ¢ > 0.

(c) Kernel function K"(-) is 1-smooth, symmetric and supported on a compact set. It has
moments of order p+ 1 through p, — 1 that are equal to zero.

Assumptions related to the estimation of E(Y|D = 1,h(X, P(Z)),P(Z)),P(Z)):
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Assumption B.5 (a) E(DY|h(X,P(Z)) = h, P(Z) = p) is p,-smooth with p, > 2. The point
(h,p) is in the interior of the support of (h1(X, P(Z)), P(Z)).

(b) {hng} satisfies Nhy,/log N — oo and Nh??g — ¢, < 00 for some ¢, > 0.

(¢c) Kernel function K%(-) is 1-smooth, symmetric and supported on a compact set. It has
moments of order p + 1 through p, — 1 that are equal to zero.

(d) The function P(Z) is bounded away from 0.
We are now ready to study the asymptotic behavior of our estimator. Note that

[(1—Di)Y1'+Diq(h01-,Pi)';E(Yo\(X,Z)eAlﬁAg)]fh-fgi
IR (10)
+ LZN Dz’[@(hOi,Pz'EQ(homPi)}111'121'
VN &~i=1 N-1" " Tl

\/N[A — E(Y5lA1 N Az)} = \/Lﬁ Zfil

We will study the asymptotic behavior of N~1/2 ZZ]\LI D; [Q(BOi, PA’Z) — q(hoi, Pi)}jh‘jgi,

N_1/2 Zi\il [(1 - Dz)Yz + DzQ(h017 -Pz> - E(Yb|<X, Z) € Al N Ag)} IAMIA%, and N_l fo\il ]Alz‘jgi sep-
arately. An application of the mean value theorem to the first of these terms reveals that the
asymptotic behavior of that term is largely determined by the asymptotic behavior of p(z),
fzo(:v,fD(z)) and §(ho(z, P(2)), P(z)). The asymptotic properties of ]5(2) can be obtained by
applying Theorem 3 of HIT. Analyzing the asymptotic behavior of hg(z, P(z)) requires simple
modifications of Theorems 3 and 4 of HIT. The modifications are needed because ho(X, P(Z))
itself is not a conditional expectation, but it is the derivative of one. Heckman, Ichimura and
Todd are interested in the first element of the estimated coefficient vector, we are interested in
the second element. Analyzing the asymptotic properties of §(ho(z, P(z)), P(2)) is also slightly
different because this is an estimator for the expectation of Y given D = 1, hy (X, P(Z)) and P(Z)
evaluated at the value the random vector (ho(X, P(Z)), P(Z)) takes (and D = 1). Evaluating this
conditional expectation at (ho(X, P(Z)), P(Z)) is meaningful only when (ho(X, P(2)), P(Z)) is
an element of the support of (h (X, P(Z)), P(Z)). Consequently, we have to use another trim-
ming function to make sure our evaluation point is in the support of (hi(X, P(Z)), P(Z)) . The
details of our trimming function and how these three estimators behave asymptotically are given
in Appendix C.

\/LN Zfil D; [@(ihou pz) — q(hoi, Pz‘)]fuj% = \/—IN Zf\il D; [@(%u pz) — q(hoi, Pz)] jlifQi

R PN 11
+ \/Lﬁzij\ilDi[Q(hOiypi)_q(hOiaPi)][li[Zi ( )

To deal with the first of these two terms, we use the Mean Value Theorem.

\/Lﬁ Zf\; D, [(j(ilom ]52) — D;q(ho;, Pi)]jlijm' = 4 PivzlDi%(hm,ﬁi)(;}0(Xi,p(zi))_ho(xi,p(zi)))flif%
T x/LJV ZzNzl Di%(h% Pi)(P(Zz‘) - P(Zi))lli]%

(12)
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where for each i, (hg;, B;) is between (ho(X;, P(Z:)), P(Z:)) and (ho(Xi, P(Z;)), P(Z;)). Tt is easier
to analyze these terms separately first, and then combine the results later. We now proceed as
follows. Steps 1 and 2 (sections B.1 and B.2) examine the first and second terms of equation 12,
respectively. Steps 3 (section B.3) considers the second term of equation 11. Thus, steps 1 to 3
consider each term of equation 11, and thus analyze the numerator of the second term of equation
10. In step 4 (section B.4), we consider the numerator of the first term of equation 10. In step
5 (section B.5), we consider the numerator of equation 10. The result stated in then text then
immediately follows from Slutsky.

B.1 Step 1:

N
1 =R _ . .
\/——Z hOz» ) (P(Z;) — P(Z;)) Luily = ﬁPN Di[ 24 (hoi P)— 2% (hoi, )] (P(2)~ P(20) ) Dyl

By Appendix C.1, we know that

[P(2)) = P(2)| L1 (2,2) = N™V) " hwp(Di, Zisx, 2) + bp(x, 2) + Rp(x, 2)

i=1

where EWNP(D“ZZ,X INX =a,Z =2 =0, plimy_ N2V bp(X;, Z)) = bp < oo, and
plimy_  N"Y25"N Rp(X;, Z;) = 0. Substituting all these in ylelds

%8 (hoi, )| (P(Z:) = P(Z0)) Dl
hom Pz):| ZN:I wNP(Dja Zj§Xi7 Zi)j%

(
L S, Dy | S (hoi, P) = 38 (hois )| bp(Xi, Z0) D

w|e

P
: Z]L D; [@(7101'715@) 5 (h()upi)] RP(XhZi)jm'

Let A; := {(z,2) € supp(X, Z) : f(x, z) > qo1 — €f1}. Then by Appendices C.1 and C.2, we know
that P(z) is uniformly consistent for P(z), and ho(P(z),z) is uniformly consistent for ho(P(2), z))
on A;. Then applying theorem 4 of Heckman, Ichimura and Todd to q for the set of observations
for which D; = 1, we know that (h p) is uniformly consistent for 5L (h,p) on A; N Ax*. Then
using the equicontinuity lemma we can show that the probability 11m1t of each of these terms is

22Note that A; N Ay C A;
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0, so that

fZD L (s, P)(P(Z) — P(Z) ¥ 2D o (o, P (PZ) — P(Z) il

H\H

The latter term in turn equals

o oL D (hois P) S5 1wNp<D- Zj; X, Zi) I,
+\/LN ZZ 1 ngg(hom P)bP(Xzy Z; )]2z + \ﬁ ZZ 1 Dzap(hOH Pi)RP(Xiu Zi)—f%

Using continuity of % (hos, P;), compactness of A; N Ay, and the explicit form of bp, and Rp, we
can show that

bep = plimy_, ZD hOz;Pi)BP(Xiy Zi)jQi < 00
OO\/_

and
plimy_,  —— h027 z) AP( is z)jQz =0
\/_ E Z) PYRr(X,; Z

On the other hand, using the equ1cont1nu1ty lemma once more, we can show that

N

1 )
—3"p hz, § D;, Z;: X, Z (11-—[1.):0 1
N\/Ni: 0 wNP 7 ) 2 2 P()

Combining these results, we conclude that

N N
1
AE
= Dl hz, D; Z:; X;, Z;i)Io; + Vbp.
N\/NZZ a 0 wNP( i i ) 2 + qP
Next, we focus on

1 N N 94
——N"N" DL (hoi, P, D, Z;; X, Z;) Ini
N\/N : aP( 0 )wNP( Jr %] ) 2

i=1 j=1

This term can be broken into

N
1 dq

hz> i Dy, Z;; X, Zi) 5 + ———= D; hoi, P D;, Z;; X;, Z;) 15

N\/— E 0 )@/)NP( ) 2 N\/N ;Zl j%él 8P( 0 )?/)NP( Gy 45 ) 2
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We can apply a strong law of large numbers to the first of these terms.

E {Dig—]qj(hou Pi)wNP(Dia Zi, X, Zi)[2i} =F {@

L (hoi, o) s | Ditop (D, 255 X, 2 X, 21 }

E [Dinp(Di, Zi: X1, Z))| X, ZZ} — [(X,, Zo)ea [ M2y (7)) e, hiys KP(0)E [Dz-gf \Zi]

where e/’ = D; — E(D;|Z;), so that E(D;e!’|Z;) = P(Z;)(1 — P(Z;)). So unfortunately, we don’t
have FE {D'L%(hOza R)IQ(XZ, Z'L)¢NP(D27 Zl, X,L, ZZ)} = 0. But
E {Dig—lqa(hoz‘,Pi)IQ(Xu Z)onp(Di, Zi; Xi, Z;) } < oo, implies that 2

N=32 5N D 2% (hoi, P Lospwp(Di, Zi; X, Z) =
(hoi, Pi) losynp(Di, Zi; X, Z;) — B (Dz‘g—g(hou P)Lybnp(Dy, Zi; Z;)))
o B (Digh (hos, P Loionp(Di, Zi; Xi, Z3)) = 0p(1)

Next, we deal with the sum corresponding to different indices:

E)
Zi:l % [Dia_l(i

+

2

N—3/2 Zfil Z#i Dig—]%(hom P Lionp(Dj, Zj; Xi, Zi)
= N2 S (3Did% (hoi, P) Litbwp(Dy, Z3; Xi, Zi) + 3D 5% (hoy, Py) Lojbnp(Di, Zi X5, Z))

E [Dig_g(hOi>B)[2i¢NP(DjaZj§XiaZi)} =

_z\@] 7

a _ Zi—Z; —d, Z;—7;
E | D 2% (ho(Xi, P(2:)), P(Z)) (X,, Z)er M (Z:)] el {<m> ] s KT (m)}

" #

:EXiVZivDi Zj Dlg%(ho(Xz,P(Zl))yp(Zz))IQ(XMZ'L)el[MPN(Z’L)]_lE<Ef|Z]> Z]—f;jz o hf_\f%KP Z}f};jl -

Similarly, E [Dj%(h0j7 Pj)IQ(Xj, Zj)wNP(Diy Zl,)(J7 Z])} = 0. On the other hand,

N3 D isih (Di 2% (hos, Pi) Lostbnp(Dy, Zj; Xi, Z;) + D

1 N N-1 0
VN(N-1) Zi:l Zj;éi 2N (D :

i 9% (hog, Py) Lojonp(Dy, Zi X, Z;))
ia_p(h0i7 Pi)IinNP(Dja Zj; Xi, Zi) + ng—lg(hop Pj)I2ijP(Dia Zi; Xj, Zj))

1, the asympototic behavior of this last object is the same as the asymptotic

1 dq dq
VN(N — 1) izzﬁ (D

ia_P(hOiv P)Liynp(Dj, Zj; Xi, Z;) + Dja_P(hOja P)Ljonp(Dy, Zi; X, Zj))

Since lim n_, o % =
behavior of

%3Note that Nha%, — oo.
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Let

1 _ 0q
CN(DiaX’i7Zi7DjaDjan>Zj) = §D18_P

1_ 0q
+§Dja_P(hOj7 Py Lyne(Di, Zis X, Z;)

(hou Pi)IZinP(Dja st Xi, Zi)

Then by Hoeffding, Powell, Stock and Stoker lemma, if E(gN(DZ-,Xi,Zi,Dj,Xj,Zj))2 = o(N),
then

h P, P P i
N N 2
NE (5= b1 s ON(DiXiy20.D5,.X5.25) =% 124 2B[Cn (D3, X4, Zi,D5,X5,25)| X1, 2:])” =o(1)

1 Py P
VN(N-1) =1

\/ﬁ(}v_l) S D isih (D; 2% (hoi, P) Lasbwp(Dy, Zj; Xi, Z;) + Dy % (hoy, Py) Lojbnp(Di, Zi3 X5, Z5))
=P SN 2B (D, X3, Zi, Dy, X5, Z3)| Diy X, Zi]

P 2
i1 N (DinXi,24,D5,X5,25) ~ 7= N 2B[Cn (Di,Xi,Z6,D5,X5,25)1X0,2i] ~ =o(1)

0
0
+E [Dja—;(hOj,Pj)fzﬂ/iNP(Di,Zi;Xj»Zj)|Di,Xi7Zi]
B[N p(D;, 25X, 2:)|Din X Zi)= 4~ 11 (X3, Z0) M (Z0)] 1 B Z,f;ji %y % eP|Di X1, 2;

NP

_ Z,-7,\9r / Z;—7;
— en g (B | (52)"| & (52) 10,22, 1D, 2) =0

Therefore,

2E[CN<DZ7X17 Zi7 Djan7 Z])‘D’HX’L) Zz] =F |:D@

igp (h0j7 Pj)IijNP<Dia Zi; Xja Zj)|Di, Xi, Zi:|

Next, we investigate if can we get EC(D;, X;, Z;, D;, X, Z;)* = o(N) from our basic assumptions?
This requires

b {Di (00 PO)' B )P (M (20 [(Z,:N?)Qp]/) A (—)} ~ o)

and

E{D;D; 2% (ho;, ;) 2% (hoj, P;) i lojonp(Dy, Zj; Xi, Zi)onp(Di, Zi3 X5, Z5) } = o(N)

JjopP opP
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By Cauchy-Schwarz inequality, the first one implies the second. Thus, we only need to make
sure the first one holds. Now, to make sure that P(z) is an asymptotically linear estimator for
P(z), we had to assume that for 5p > d., Nh7¥p, — ¢ < co. This means that Nh3% — oo, and
— 0, as long as ¢ > 0. With ¢ > 0, the required condition will hold if, for each NV,

N 2
) )) (e ()
)G e — < 00
( hnp > ) hnp
On the other hand,

e oGyt 2 e (st [ (52)°] ) (e () )

B {p<zi>p<zj>(1 - Pt (3300, 2))” (a2 | (%52 ) (0 (22 ))2}

1
2d
NI

E < D; (g;])(hoz,ﬂ)) IliIZi(gf)Q <€I[M§N(Zi)]_1

Therefore, the desired condition will hold, as long as, for each NV,

&1\’ 2
G) ]) e G)) e
hnp hnp
For sufficiently large N this is true, because the kernel function is 0 outside a compact set
and K are continuous functions and M, is nonsingular. Thus,

7ap

\/Lﬁ Zz 1 ngg(hOia pz) (p<ZZ) - P(Zz'))flijzi =4
N2 B [D;2%(hos, Py)Iojibonp(Di, Zis Xj, Z)| Diy Ziy Xi] + bep

= N_1/2 Zi\il E [Dj ap(ho_y? )IQJwNP(DH ZZ7 X]? ZJ)D/;a D’h Zi; Xz] + qu

B.2 Step 2:

o P 102% (hois Py) (ho(Xs, P(Z)) — ho(Xs, P(Z))) 11ila; =
S S D (hois P) = 5 (hoi, P [hol(Xi, P(Z0)) = ho(Xs, P(Z0))] il
+ Zi L D% (hoy, P) [ho( Xy, P(Z3)) — ho(Xi, P(Z:))] L1l
By Appendix C.2, we know that

N
[ho(Xs, P(Z:)) — ho( Xy, P(Z:))] i (w,2) = N7 Z¢NhOP(Di, Y, Xi, Ziyw, 2) + by (2, 2) + By, (@, 2)

i=1
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where E[thop<D“}/;7X“Z“X DX =x,7Z=2=0, R
plimy_ N~23N ) ho(Xiy Zi) = bpyp < 00, and phm]\,_m]\f_l/2 SN R; (Xi, Z;) = 0. Then
using arguments snmlar to those in step 1, we can show that

e Sy Digi(hoi, B) [ho(Xi, P(Z3)) = ho(Xs, P(Z))) i Li="
e Sty Digi(hoi, B [ho(Xs, P(Z0) = ho(Xo, P(Z))) i L
The latter term in turn equals

N N
%Zz 1 Zc’?h (hOz; 1) Zj:l thOP(DpY}aX Z X Z)[2z
+\/LN Zl 1 Dzaa,fl (hoi, B)bﬁo(Xia Z;) 1y + \/LN Zizl zah L (hyy, Pi)R}}O(Xia Z;)1y;

Using continuity of (hou P;), compactness of A; N Ay, and the explicit form of Bilo’ and f%,zbo, we
can show that

bano 1= Plimy_og \/_ZD oy (o Po)by (X3, Zi) s < 00
and

plimy_ \/—ZD o, v PR3 (X, Zi) i = 0

On the other hand, using the equicontinuity lemma once more, we can show that

N
W_ZD% o P) 3 e (D3 Y5 X 25 X, Z3) (B = Ii) = 0p(1)

Combining these results, we conclude that

v Sist Dt (hoiy Bo) (ho(Xo, P(Z4)) = ho(Xs, P(Z:))) hilo="F
Nle 1Z] 1Dzah (hOZa i)%DNhOP(D]ay;vX Z X Z)IZi“—bqhoP

Next we focus on

Oho(P(Z;), X;)
Ip

N—3/2Z Dia—ql(h(m )[z/who( (1— D)Y;, P(Z), Xi; P(Z;), Xi) + Unp(Di, Zis Z;)

E[Diel|P(Z), X;] = E[ — Di(1 — D,)Y; + D;E((1 — D)Yi|P(Z:), X;)|P(Z:), Xi]
= E((1 - Dy)Y;|P(Z,), X:) P(Z;)
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n o
B D (hou P Iastonng (~(1=DOYiP(Z0). XaP(Z0).X:) =~ B 58 (hos. P Tavea My (P, X0)] e, ELDiei| P(20),Xi]
hNho
K(0) . [ 9q _
= th+2E {ah (hol, B>12162[M£N(P17X1)] 16/1P(ZZ)<1 - DZ)K
Nho

Using E { L (hoi, P)ea| Ml (P, Xo)]~ ey P(Z:)(1 — Di)YZ} < 00, and NR2X+' 00, we get that
3/2 Zz 1 Dlah (hoz, Z)IgszhO(—(l—Dz)Y;,P(ZZ),X“P(ZZ),XZ) = Op(l)' On the other hand,
E[Dzef|Zl,X1]_E [Di—D.B(Di|2:)12:.X,| =P(2)) (1-P(2))) , S0 that

n o

2] i), X3 _
E Dlah (hoi, P;) hO(Péi’L>X)IinNP(DiszZi) 7;(20),3 86 (hoi, P;)
NP

Combining E{ (hog, Py) 20PENX) 1o, (MD (2] ey P(Z:) (1~ P(Zz-))} < 00 and Nh%: —

00, we also conclude that N3/ ZZNZI D,ah (hoq, P)IgzwwNp(Di, Z;; Z;) = op(1). Next,
we look at the terms with different indices:

DolPEDX) 1y ey [MI (2:)) L4 P(Zi) (1-P(2))

P P

P o
N-32" i1 j;ézD’bah (hoi, P, )122¢Nh0( (1*D1)Yj7P(Zj)7Xj;P(Zz'),Xi)=N_3/2 Ly 1N (5,5))

where

. , D
g1~ (S:,S5)= 21 ah (hoi, P )IQzl/)NhO( (1_Dj)yjaP(Zj)vXj?P(Zi)yXi)+TJ3L(hOJ )I2J¢Nh0( (1_Di)Yi7P(Zi)aXﬁP(Zj)vXj)

and S; = (D;,Y;, Z;, X;). Using the definition of €™, iterated law of expectations and the inde-
pendence of observations from one another, one could show that the expectation of each term in
this sum is 0. Moreover, since Mg(Pi, X;) is nonsingular, dq/dh; is continuous, K is 0 outside a

compact set, and var(Y) < oo, and Nh%iffﬂ) — 00, E(§1N(§,~, Sj)Q) = o(N). Therefore by the
Hoeffding, Powell, Stock and Stoker lemma,

N3/ sz\; Z#i zahl L (hyy, z‘)f2z‘¢1vho( — (1= Dy)Y;, P(Z;), X;; P(Zz‘)7Xi) =AP
i B |:D38h (hoj, Py Lojthnn (— (1 = Dz‘)%P(Zz')sz‘;P(Zj)an)’DinaP(Zi)yXi]
Similarly,
N3N 3 Dl (hoi, P) 98 (P(Z:), Xi) e (Dy, Z;, Z;) =
YL E [D Ly (hOJaPj)%(P(Zj),XjWNP(Di,Zij)|Dz'aZz',Xz‘]
Therefore,
o S DB (o, By [o(Xi, P(Z)) = hol(Xs, P(Z0)| iy =
ST E [Da g (hogs Py) oo, (— (1 — Dz’)YiaP(Zi)in;vap(Zj))!%Di:Xi?Zi} +

o S B [ D5 (hoy, Py oy 98(P(25), X;)owp (D Zis X, Z3) Vi, Dis X Zi] + bynor
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B.3 Step 3:
By Appendix C.3, we know that

< S8 Di((hos, Pr) — q(hoi, Pr) Tnila; =

Qp P (hos . Pi
SN S B (M (o, P {(w) ] Ao (BssP) o) o gy,
)
t

hng Nq hng
where ¢ = D;Y; — E[D;Y;|h (X}, P(Z;
As in the previous two steps, we firs

7P(Z])j|
focus on

Q /
N D, (h h P (h h
Tw 2oiet Py My (hojs Py)] {(%) } hQ_i,qKq (%) eil1j1z;

hy q
]’
M — hi1i,Pi)—(hoi, Ps hi1i,Pi)—(hoi, P
=E | pyer My (hoi. P2 1[((1 e )) ]hiq q((l e )> qjhlm}

and Nhy, — oo. Therefore,

Q'
. N B _ hi1;i,P;)—(hoi,P; K hi1i,P; hoi, P;
plimz 377, Pl(jzzi)el[M;N(hOiaPi)] ' [<( : })zNi : )> } 1q ! (%) ethilz

@)
: N D - h1i,Pi)—(hoi, Ps h14,Pi)—(hoi, Ps _
plim gtz S poye Mo (hoi, ) K( el o) ) ] I (PRl ) 2ty s — 0

Next, we focus on the sum containing different indices. Using the assumption that the observations
are independent, the definition of €7 and the law of iterated expectations, we first observe that

for ¢ # 7,

((hlja by) — (hoi, R’))Q"

1 Py — (ho P
— K1 ((hlj’ ) = (hoi, 2)> 8?[12'12@} =0
th Ngq

D:
E ey [My (hoi, ;)]
{ PN h3, h

P(Z;)

We define S; := (D, Y;, X;, Z;), and
P —(hes P\ @] ,
gn(Si, S;) = WGﬂMSN(hDi,B)]_I {(W) } K1 (W) qflzfzz

Q'
D; _ h1i,P;)—(ho;,P; h1:,P;)—(hoj, P;
+ by et My (hoj, P)]™! [(w) } S e

hNg

If E[gn (S, S;)%] = o(N), then by the Hoeffding, Powell, Stock and Stoker lemma

T (s ] (T SINERCHIES

i=1 j#i
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We know that N h?\,ﬁq — ¢ for some constant ¢, and that p > 2. Thus, N h‘}\,q — 00. Combining this
with the nonsingularity of M?(ho;, P;), the fact that P(Z;) is almost surely bounded away from 0,
var(Y) < oo, and that the kernel function is zero outside a compact set, we get E[gn(5;,S;)?] =
o(N). On the other hand,

C " #, D

Q
hi;,P;)—(hgi,P; hi4,P;)—(hqs,Ps
61[M v (Roj, P, )}71 (i, Pi) = (o, Py) 2L[{q (h14,P5) = (hoj, Pj) €?11j12j|Di73/i,Xi,Zi

. q. 1=1ip
Elgn(S:,55)|Si]=5E hNg hNg "Ng

P(Z )

This equality follows from the fact that E[z—:?|hlj, P;,D,;.Y;, X, Z} [5?|h1j, PJ} = 0. Thus,

N N

\/LN ZDi(@(hOi,R) — q(hoi, Pr)) ="F b, + LN ZZIE{

i=1
/
((hlmpi) — (hOj,Pj))Qp] el K1 ((hu’B> — (hOj’Pj)) |Dz‘,Y%,Xz',Zz}

(M (hoj, Py)] ' 1 Iy,

X

e 2, hg

B.4 Step 4:

Here we study the numerator of the first term of equation (10).

e 2, [0 = DOYi+ Diglhr, P) = B(¥ol Ay 0 Ay)] Bl
Let A:= A; N A, and
oa(Xi, Z;) == (1 — D;)Y; 4+ Diq(hoi, P,) — E(Yy| A1 N Ay)
For I} € Ty, I, € T, such that Iy; # I1; or I; # I, E[04(X;, Z;)I1:15] # 0. But with probability
one I1;15; equals

Talas + (01X, 207V (P28 ) (X3 20) > fein(X, Z0Y[F (X3 Z) = Fx2(X, 20 B

+[o1 (X, Zi)]71j+ <%> 1{f(Xz, Z;)) < fX,Z(Xi7Zi)}[f(Xz, Z;) — [x,2(Xi, Zi)]j%

where J_(u) = 1{—1 < u < 0}, Jy(u) = 1{0 < u < 1}, and 61(X;, Zi) == | [(Xi, Z;) — [x.2(Xi, Z3)|.
Simﬂarly, for f c Hl, deﬁne, 5-1(Xi7 Zz) = |f(XZ, Zz) — fX,Z(Xi7 Zz)|7 I~/17; = 1{f(Xl, Zz) >

fx.z(Xi, Z;)}. Then for I, € T,

N-3/2 Zf\; Z;\f:l 5A(Xi, Zi)f%iu[&l()(h Z)] 17 (fXZX—Z)qu>

61(X4,2Z;)
« (1K (X,24)=(X4,Z3) _ Bl LK (X,24) = (X4, Z3) |X 7.
h(]i\fl 1 hnt h?\q 1 a1 19 4
P = f X;.%; o (X5.25)—(X4,2,
N3N PN (X Z) Bkl (X, z0) L D2 gy S 1X02s — fx2 (X0 )
v N1
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The first of these is an order one degenrate U-process which satisfies the conditions of the equicon-
tinuity lemma. Therefore the first term is 0,(1) for each element of the family of the functions we
consider. As for the second term, HIT claim that they can control the bias arising from that by
pi-smoothness of the density fx z. I don’t necessaruily understand their comment. But using the
rates of convergence in Silverman’s article we can deal with this term as well. On the other hand,
the analysis of the term involving .J, is symmetric. The last step in this section is to repeat these
arguments for

1 N
—— ) 6a(Xi, Zi) [ Lni — 1]

B.5 Step 5
| XN | X T N
N;[h 2Z_N;[11121+N; 1i[ 12 [2z]+—;[21[[11 I;]

By the law of large numbers, the first term on the right hand side converges to P(A; N Ay).
N~ Zf;l LIy — I]| < N1 Zf;l |I5; — I;]. Our trimming assumptions guarantee that E|ly; —
I5;| approaches 0 as N tends to infinity. Therefore, for each fixed x > 0,

N A
A E\ly; — Iy
P(N_l >I€> SP(N_l E |[2i_[2i|>/f> SM—)
i=1 R

Similarly, we can show that the last term is o0,(1).

N
> hilly — I
=1

C Additional Estimation Results

(PRELIMINARY AND INCOMPLETE)

C.1 Asymptotic linearity of P(Z):

Note P(Z) = E(D = 1|Z) and thus fits into the form in HIT without any change. So under the
assumptions of Theorem 3 of HIT, with Y = D, X = Z, and d, = dim(Z), for any 0 < p < p,
the local polynomial regression estimation will yield

[P(2) = P(2)]I(z) = % S " Gup(Zi, Dis 2) + bp(2) + Rp(2)

Jj=1
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where n= V2" | Rp(Z;) = 0,(1), plimyoon 220 bp(Z;) = bp < o0,
E[np(Z;, Di; Z|Z = z] = 0.

70331 = el [ (52) | K (52) 10

D
bp(2) = e [Myn(2)] ' 1(2) Y [ / QO 2 P () QP K (),

n
s=p+1

'__7/UQ(p) .UQ(S)p(S)(z)' . uQ(pz_S)K(u)du} féﬁz—s)(z)/

where P®) denotes the s-th order derivative of P, I(z) = Al{fz(z) > qoz}t and I(z) = 1{fz(2) >
qoz}- And if p = P, the estimator has the same form, but bp(z) = o(h2).

C.1.1 Asymptotic Linearity of P(Z) with different trimming:

The above formulation involves trimming based on the estimated density of Z. This is fine for this
stage. But when we later estimate hg and h; we need to make sure that the joint density of X and
Z is bounded away from 0. If in the first stage, our trimming function is 1{fz(z) > go}, this only
guarantees that the true density of Z evaluated at z is above qo; with probability approaching to
1. If we have an (X, Z) value, say (z, z) such that 1{fz(z) > ¢o1} = 1, and hence fz(z) > qo1, it
is still possible that fx z(z,z) = 0. Therefore, even though, E(D|X) = E(D|Z) I will trim based
on the estimated density of (X, 7). If we change certain assumptions required for Theorem 3 of
HIT everything goes through. The required changes are as follows:

1) For the estimated density of (X, Z) to converge uniformly in probability to the true density
of (X, Z) we need fx 7 to be uniformly continuous.

2) For Lemma 4 to go through for fx; we need to assume that fx , is p-smooth, with
p > dim(X, Z), and that fx 7 has a continuous Lebesgue density f; in a neighborhood of gy with
ff(go1) > 0. So all this means that Assumption 4 in HIT has to be stated as: Trimming has to
be p-nice on S with p > dim(X, 7).

Given these changes, everything goes through, and we get

[P() - P()] 1w, 2) = % S np(Xi, Zi, D 2, 2) + bp(2) + R (2)

j=1

where /2 Z?:l RP(Xiv ZZ) = Op(1)7 plirnneoonil/2 Z?:l l;p(XZ‘, Zz) =bp < 00,

@]’
upl(60 2, D) = e | (52) | 1 () Pt
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pZ
bp(z,z) = hP=ey[M, ()] " 1 (x, 2) Z {/ u?®) -uQ(s)P(S)(z), P9 K (u)du,

s=p+1

...,/uQ(p) @) PO () QP9 i (u)du | fP) (2)

where P®) denotes the s-th order derivative of P, Ij(z,2) = 1{fxz(z,2) > ¢} and I (z,z) =
H{fxz(x,2) > q}. And if p =P, the estimator has the same form, but l;p(z) = o(hP).

Remark: We are estimating E(D|Z). To compute and control the bias we have to assume
that this function and the marginal density of Z is sufficiently smooth, in fact "the order” of
smoothness has to be greater than the dimension of Z. But for the trimming based on (X, Z) to
work, we need to assume that the joint distribution of (X, Z) is smooth with order of smoothness
greater than the dimension of (X, Z) which is larger than the dimension of Z. Keep in mind that
the latter assumption implies the former.

On the other hand, when we do the local polynomial regression estimation of hg and hy, we are
going to assume that (X, P(Z)) has a smooth Lebesgue density. This implies that Prob({(z, z) :
P(z) = a}) = 0 for each a € [0,1]. If we define E := {z € supp(Z) : I(x, z) € supp(X, Z)} then
for almost every z € E, |P'(z)] > 0. Using this, continuity®® of P’, continuity of fx  and the
Lebesgue Differentiation Theorem, we could show that fx z(zo, 20) > 0 = fx p(z)(z0, P(20)) > 0.
So based on this, we don’t need to trim again in the second stage, i.e. the estimation of hy and
hl.

C.2 Estimating ho(x, P(z))

hi(z,p) = %E(DY|X =z, P(Z) =p)

0
) = —a—pE((l - D)Y|X =, P(Z) = p)
) {l’Bp, hl(xvp) = hg(l‘,p)}
P(z) = E(D|Z=z2)
)

= E(Y[D=1mn(X,P(2)) =t,P(Z) =t

This appendix has two goals: first to show that the local polynomial regression estimator of hg
is asymptotically linear with trimming; second, to show that its derivative with respect to p is
uniformly consistent for the derivative of hg with respect to p.

To show that local polynomial regression estimator of hg is asymptotically linear with trimming,
we follow arguments similar to those in the proof of theorem 3 of Heckman, Ichimura and Todd.

24When we do local polynomial regression estimation of E(D|Z) we need to assume this anyway.
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Write Y = m +e = Xp(w0)85(20) +1p(X, 70) + &, where e = Y — E(Y[X). In our case —(1 - D)Y
will play the role of Y in HIT, and the vector (P(Z), X) will play the role of X in HIT. In the first
part of this section, we will use Y and S to denote (1 — D)Y and (P(Z), X). Just as HIT, we will
consider the case, where p, the order of the polynomial terms included, is less than the underlying
smoothness, P, of the regression function. To do that partition, Sp(sg) = [S,(s0),Sp(s0)] and

B(s0) = [35(50)", Bo(s0))'. Then,

A A ~

[By(s0) — By (s0)[ 110 = H[Mpn(s0)]™'n ™" H'S,(s0)' W (s0)e 110
+  H[Mpn(s0)]"'n ™ H'S,y(50)' W (50)S5(50)B5(50) 10
+ H[Mpn(Sg)]_ln_lH/Sp(So)/W(SO)TT,(S(])[AH)
where I,y = H{(z,2): fX,Z(xo, 20) > qo1}, with so = (P(20), o). We need to show that eg[Bp(so) —
35 (s0)] 110 is asymptotically linear.
C.2.1 First Step

As our first step, we would like to claim that

ea H [ My (50)] " 'n " H' S, (s0) W (s0)elho = esH [My,(s0)] "~ H'S, (50) W (s0)elo + Ri(s0)
where e, = (0,1,0,...,0) and 1/y/n 3", Ri(Si, Xi, Zi) = o0,(1) Note that e;H = —62 Let
Yn0(S5) = €a[Mpn(S)] 71, An(S;) = ea[Mpn(S;)] 71, Ar = {(,2) ¢ fx.z(x,2) = qor — €5 > 0}, and

i) =
= {(@)] sup [7a(7) — e2[Mpn(2)] 7| < €}

TEA

:{f sup |f(ZE,Z)—fX7Z(ZE,Z)| Sef}

(z,z)€supp(X,2)

Tn
r,

Iy ={I((x,2) € A): A={(x,2) : f(x,2) > g1} for some f € H;i}

T
~3/2 LN (8= S\ Si— 55 7
Gin = 9n : 9ulEs, 55,55, X5, Z;) = n""" 7, (S;) e . e . L

Explanation: e;H = 1/(hy,)e, so this is why we have (1/(h,)**!) as opposed to (1/(hn)?)

Also let g,o be the same as g, except with ~, replaced by Yno, and Ilj replaced by I;.
And define g, similarly with 4, and [ replacing v, and 1'1], respectively. With this new no-
tation 1/v/n >, Ri(S;,X;,2;) = 3, > lan(eis Siy Sjy X, Z5) — gnoleis Siy Sjy X, Z5)]. - To show
that this sum is 0,(1), we first need to show that >, >, g.(e:, Si, Sj, X, Z;) is equicontinuous
over Gy, in a neighborhood of gno(e;, Si, S;, X, Z;) and that with probability approaching to 1,
Gn(&i, Si, Sj, X, Z;) lies within the neighborhood over which equicontinuity is established. For
the first step, we try using the third lemma. To apply that lemma, we need to have a degenerate
U-process, and >, >~ gn(€i, i, S, X, Z;) is not degenerate.
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First, we split the >, Zj gn(€i, Si, S5, X, Z;) process into two parts:
Zi Zj gn(ei, Si, Sj, Xj, ZJ) = Zz Zj;ﬁi gn(éi, Si, Sj, Xj, Z]) + Zz gn(ei, SZ', Sz’, Xi, Zl) The latter
Qp
process is symmetric. To see that it is also degenerate, we observe that (%) is a row vector

whose first component equals 1 and all other components equal 0.

1

gn(i, S5, 80, X5, Z)) = n=%,(S))el e, (h_

)dH K(0)Iy;

E[gn(fz,SuSmeZZ)] h

n_g/QE[vn(Si)fuelTE(ei|SZ-,Xi,Zi)] (i) K(0)
E(&i|Si, X, Z;) = E(e,|P(Z:), Xi, Zi) = E[(1 — D)g(v(X, D), €)
—E((1-D)g(v(X,D),e)|X,P(2))|X,Z,P(Z)] = E[(1- D)g(v(X,D),€)|X, Z, P(Z)]
—E((1-D)g(v(X,D),e)|X,P(Z))

The last equality holds because E((1 — D)g(v(X, D), €)|X, P(Z)) is measurable with respect to
o(X,2).

E[(1 - D)g(v(X,D), )|X Z,P(Z)] = P(D=0|X,Z,P(2))E[g(v(X,0),€)|D =0, X, Z, P(Z))
= P(U> P(Z)|X, 2, P(Z))Elg(v(X,0),€)|D = 0,X, Z, P(Z)]
= (1= P(2))E[g(v(X,0),€)|D =0, X, P(Z)]

The independence of € from Z was used in writing the last equality. On the other hand,

E((l —D)g(v(X,D),e)|X, P(Z)) = P(D =0|X,P(Z))E[g(v(X,0),¢)|D =0,X, P(Z)]
= (1 - P(Z>>E[9(V(X70)7€)|D =0,X, P(Z)]

Therefore, both E(e;|S;, X;, Z;) and E|[g,(e;, S;, Si, Xi, Z)] are 0.

Next, define g = #E05050 X020 on &1 8050Xe20) [, = (e, X;, Z;, P(Z;)), da(Li) := Elg%(Li, )| L]
= E[gg(l, Li)‘LiL and gg([’h Lj) = gg(Lh Lj)_¢n<Li) ¢n( ) as in HIT', so that Ez Eﬁsz gn<Lz7 L; )
D i > On(Liy L) + 3712, 2(n — 1)¢n(Li). To show equicontinuity of our original process we
need to show that that each of the processes i, gn(€i, Si, iy Xi, Zi), D250 540 Y(L;, L;) and
dor12(n — 1)¢,(L;) are degenerate. We already verified that the first of these is degenerate.

1=

Next we show that the latter two are degenerate. Observe that

T
1/ 1\ - S, — S\ @ S, — S
bn(L;) = 5(}7) n=3%¢,F %(Sj)I(Xj,Zj)<(h—J) K( : ])|5Z~,Xi,Zi,P(Z,~)

n n

/14 ) S —SA\%\ /S-S




To see that ¢, and §° are degenerate, first note that the conditional expectation term that
appears in ¢, (L;) can be thought of some function, say ¢(g;, X;, Z;). Then

171\
Bnl) = 5(5)  n B X 20l X, 2)
1 1 d+1
= §(h_> n_3/2E(5i90(5z'7Xi,Zi)>:OZE(¢n(Lz’))

Thus, all the processes are degenerate, and lemma 3 is applicable to each of them. Lemma 3 looks
at a degenerate U-process over a separable class of functions ¥ C £, and concludes that as long as
3 conditions hold, for each n > 0, there exists a ¢ > 0 such that lim,, P( sup{|U,, (¢1n, — ¥an)| >
0 1n — vl < 8}) = 0.

HIT assume that the limit of the M, (s) matrix is positive definite. Therefore, M,,(s) matrix
is positive definite, and hence invertible, when n is large. Based on this argument they say that
the norm of ~, will be finite for each ~, € I';,. Convinced with this argument I started verifying
the three conditions of the lemma for each process.

Let [ﬂ' = 1{fX,Z(Xi7 Zi) = Qo1 — Gf}- Then |gn(5ia Si, Si, Xi, Zz)| < Tl_g/QC\GlTHc":ﬂK(O)Iﬂ; and
n 1 2(d+1)
Y E|nC% <—> K(0)%I
i=1

ho,
This shows that condition (i) of the equicontinuity lemma holds for the ). g,(e;, Si, Si, Xi, Z;)
process if nhd*t? — oo. Condition (ii) holds under the same assumption by the dominated con-
vergence theorem.

1 2
< OQK(O)QE(EZ) (W) < 0

8i—S;

is "too large”

Next, we recall that K(-) is zero outside a compact set, so that when ‘

n n

K (%=5) = 0. This impli i 5i-5;\ @ ! Si=5;
3 = 0. This implies that there exist C', C5 such that any element of - K (==

d
is bounded by €, (%) 1{]|S; — ;|| < Cyhn}. Then

d+1
9n (s, 512 S5, X, Z))| < n¥2CCH1{|IS: — S| < Cala} ( ) el L(X, Z,)°

1
B

Thus, as long as nh{™" — oo, conditions (i) and (ii) are satisfied for the process

D Z#i gn(€i, Si, Sj, X;, Z;) as well.

12n¢n (i, Xi, Z5)| < 20720

> 4nTIC?E () = 4C°E (£}) < o0
i=1
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Thus, the first condition of Lemma 3 of HIT holds for the 2n¢ process. On the other hand,
since E (e2) < oo, e21{|e;| > /nz=} — 0 as n — oo, almost everywhere. Moreover, 71{|¢;| >
\/ﬁ%} < &2. Therefore, we could apply the Dominated Convergence Theorem to get that

V6 >0, lim » 4n~'C°E <s§1 {|sz-| > \/ﬁ%}) =0
=1

Now we move on to verifying condition (iii) of Lemma 3 of HIT for our three processes. First, let
gL and g2 be any two elements of Gy,,. Then

B 1 d+1
9460 50 51,0, 2)) — 4260505, X, Z)] < wn{ls - Sl <Gt ()l x

n

(15 = I (S 17 (S5) = 1 (S)ITE)
1
S 7’L_3/2011{||Si — S]H S Cghn} (h_) |51| X

(1755 = T v (SDI + 11 (85) = 7 (S7)I135)
Similarly,

1 d+1
200420 = 2020 = () 0 el

B | (B 0405) = 2200) + (7 - B)2(x,)) ((Xh;X)Q) K (25 x

Our function families are simpler - i.e. we don’t have to worry about A. Other than that the
only difference between HIT and this, is that the exponent of h, is d + 1 instead of d in our
case. They first verify that condition (iii) of lemma 3 is satisfied by I, A and Z;. Then they say
since nh? — oo the condition is also satisfied for {g,(e;, Xi, X;)}, {gn(&:, Xi, Xi)} and {2n¢(2)}
families. Our I',, and Z; is the same as theirs, and we don’t need to worry about A . Therefore,
if we change assumptions 2 and 3 of HIT to p > d + 1 and nhd*!/logn — oo, we will be fine.

The arguments so far showed equicontinuity of the process >, Z?Zl gn(€i, S, S5, X, Z;) over
Gin in a neighborhood of g,o(e€;, Si, S;X;, Z;). Next we need to argue that g,(e;, S;, S5, X;, Z;)
lies in that neighborhood. Given the modified assumption 3, this will be true if sup, || M, (s) —
M, (s)|| — 0 where lim,,_, inf, det (M,,(s)) > 0. Lemmas 5 and 6 of HIT take care of that.

C.2.2 Second Step:

Next, we move on to the term that will contain the bias:

~

e H[Mpn(s0)] ' HT'S) (s0)W (50)S5(s0) B (s0) o

k=p+1 i=1
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We add and subtract

e[ My (50)] zp: %E [(&};Sj)@p] (S; — S;)9W K (5 hnS ) 1S; = so ¢ [m® (s0)] 1o

k=p+1 ™

This gives us three terms. But the difference of the two terms is handled in the same way as in
lemma 2. In particular, we take ~,, I',, and Z; as before and define

1 d+1 o ) Qp L . ~
nl5055:%,.2) =175 (5 [(Sh—s) (8= 5208 (525 s

B 1\ S;— 5\ @ S; — 8, .
Py (S) (=) B ’ (S = 9;)9WK ( === 155 | [m™ ()]
h, hn, hn,
Letg,(Si, S, Xj, Z;) and gno(S;, Sj, Xj, Z;) be defined in the same way as before. Moreover,
let Gon = {9.(S:, 5, X;,Z;)|(S;) € I, Li; € I;}. Then going through the same steps
as in lemma 2 we can show that 1/v/n) 7 Roi(S;, X5, Z;) = >0, >0 1[G (Si, S5, X, Z;) —

gn0(52'7 Sj7 va Zj)] = Op(l)'
Then we deal with the term

- L ] Sy — 5\ @ S;— S .
il Y s 4| (BT (s )90 (H2% ) 18, = s f 1 )]
h=ptl M n n

which in turn equals

62([Mpn(50)]_1 - [Mp(so)]_l)flo
E{{( 5] - sy (3 j)|sj:sO}[m<k><so>1T

+ea[ My (s0)]~ o Zk 1 hdﬂ { [<%>QP}T (S; — S;) M K (S'h;ns’> |S; = so} [m ) (s0)]"

The first expression can be treated in the same way as in lemma 2. The last expression equals
hg_leg[M (so)]_lx
2:”1 U uR® . QW ®) (50) . uQEP-D K ooy [uR®) Q) (R) (50 uQ(ﬁfk)K(u)du]
><f Pk (So) Ly
We need
plimn—o1/v/n Z? | ?2_162 [M3(5:)] 7"
ST [ Q0 yRW B8,y - y@P-VK (u)du, .., [ uQ®) -y (8, y QP K ()]
x fP=R)(S;) I(Xi,Zi) =b< o0
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All the terms involving (S;, X;, Z;) are bounded with probability 1. Thus, if nh2P Y 4 < oo
then we are OK. So I have to modify assumption 3.

C.2.3 Third Step:

Here we focus on the ex H [ M, (so)]'n " HTST (s0)W (s0)r5(50) 10 term. Since exH = 1/hye5, this

term equals

1 N A
h—62 [Mpn(80)]71n71HTS§(So)W(So)TT;(So)[10

In the proof of lemma 8, HIT show that n™'H”" X[ (so)W (so)rs(so) = 0p(hE™). On the other
hand, since M, (so) converges to a positive definite matrix for each sy for which f(sq) > 0% |
and since sup, HMpn(s) — M, (9)|| — 0, sup, [Mpn(s)]_l will be finite for large n. Combining these
arguments we get that

exH[ My, (s0)]"'n ™ H" S] (50)W (s0)75(50) 110 = 0,(hD)

Under these assumptions given in the Appendix B,

[}ALO(I%QT) - hO(pa ) Il :B Z Ztho XHDY;VT Z) _|_bho(p7a7 Z) +Rho(pax Z)

where N=V2 SN R, (P(Zi, X, Z:) = 0,(1), plimy_ N2 SN by (P(Z:), X, Zi) = by, < 0,
and E[Ynn, (P(Z:), Xi, DiYi; P(Z;), Xi, Zi|P(Z;) = p, Xi = x, Z; = 2] = 0, p = P(z). For the case
when hg is local polynomial regression estimator of hg of order 0 < p < p:

T
(i~ = DYipy,2) = real] | (322)%| & (352) e

P
by (p, 2, 2) = hE e, [Mp,N(s)]’llcl (x, 2) Z {/ u®© -uQ(k)m(k)(s)/ QPR K (u)du,

k=p+1

'“’/UQ(p) _uQ(k)m(k)(S)/ . uQ(pk)K(u)dul f@’k)(s)’

with S == (P(Z), X), £ = —(1 — D,)Y; — E[~(1 — D))Y;|P(Z), X;] and d = dim(S).

)

C.2.4 Asymptotic linearity of ho(P(z), z):
To show this, we need to use Lemma 1 of HIT. Recall that

25The previous section argues that,under our assumptions, Ix,z(xo,20) > 0 implies that fxyp(z)(l'(), P(z)) > 0.
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Lemma C.1 (HIT) Suppose that:
1. Both 15(2) and §(p,t) are asymptotically linear with trimming where

[p(z) — P(2)]1((z,2) € 1211) =n! anp(Dj, Z;ix,2) + bp(x, 2) + Rp(z, 2)

Jj=1

~ ~ ~

[Q(p, t) — g(p, t)}[((x, z) € Al) =n ! qung()/}, T;, P(Z;);p,t,z) + by(p, t, z) + Ry(p, t, 2);

2. 94(p,t)/dp and P(z) are uniformly consistent and converge to dg(p,t)/dp and P(z), respec-
tiwely and Og(p,t)/0p is continuous;

3. plim,,_ 23" by(P(Z), Ti, Zi) = b, and
plim,,_ n=V2 30 SUEEILI (P (Z,), T, Z:) = byp;

=1

4. plim, _n~%? Yo 8§(PT5;Zi)’Ti) — 89(1)(8?)’Ti) RP(P<Zi)>Tiazi) =0, and

plimnﬂoon_l/2 2?21 8§(PTZ-9(pZi)aTi) _ Bg(Pgii%Ti) Bp(P(Z,’),Ti, Z;) = 0;

5. plim,,_n=32 377 |BELENT) 0PIV (D 75Ty, Z;) = 0.

then §(P(2),t) is also asymptotically linear with trimming where

[9(P(2),t) = g(P(2), 0] ((w,2) € A1) = 07" > [t (Y}, Ty, P(Z)), Zj; P(2), 1, 2)

=1
+ 09(t, P(2))/0p - bup(Dj, Z;, Xj; 2, 2)]
+ 0(x,2)+ RI(x, 2),

and plim,,_ S 09(X;, Z;) = by + byp.

In our case, g(p,x) = a%E( — (1= D)Y|P(Z) = p,X = z). The verification of the conditions
for Lemma 1 of HIT for the case where g itself is the derivative of some conditional expectation
with respect to one of the conditioning variables is not really different from what HIT have. The
only potential difference is in the proof of theorem 4, but even there, their argument holds for the
entire VB vector, not just the first component.

All these arguments show that

oo A P,y N J
[ho(P(2).2)—ho(P(2)@)| I ((@)eds) = N7 N, onng (—(1=D))Y5 P(2)), X jiP(2) )+ 200 o (D 750,2)

+ l;;lo (x,2) + }A*Zho(x, 2)
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with plimy_ ok 3530 b3 (X5, Z5) = by + bagp < 00, plimy_ = 37 Ry, (X, Z;) = 0, and
— ijs Qp ' ijs
Yo~ (1 = Dy)Y;, P(Z), X5 P(2),,2) = elea[Myn(s)] ! [(mo) 2 K () D 2),

with § = (P(Z),X), and €/ = —(1 — D,)Y; — E[ — (1 — D;)Y;|5;]; and
\N@] .
Unp(Dy, 2533, 2) = eley My (2)) ! [(Z ) } LK (%2) L(w,2), &} = D; = E[D;|Z,]. De-

hnp hcfvzp
fine
Oho(P(2), )

Unnop(D;, Y5, X5, Zjs 0, 2) = Ynno (—(1=D;)Y;, P(Z;), X3 P(2), x, 2)+ o

Ynp(Dj, Zj; 0, 2)

C.3 Estimating q(ho(z, P(z)), P(z2))
We need to estimate E(Y|D = 1,h(X, P(Z)), P(Z)). But

i} | _E(DY|n(X, P(2)), () _ E(DY|h(X. P(2)). P(Z)
PP = LM P = pin i (X P(2), P2) P(7)

We could use local polynomial regression to estimate E(DY |hy (X, P(Z)), P(Z)). Therefore the
analysis here is very similar to the proof of their theorem 3. The only difference is that we evaluate
this estimator at the value of the random vector (ho(X;, P(Z;)), P(Z;)), which is different from
the random vector we condition on. As long as the support of ho(X;, P(Z;)) is contained in
the support of hy(X;, P(Z;)) this is well defined. To simplify the following expressions, define
Ty = (M(Xi, P(Z))), P(Z;)), and Ty, := (ho(X;, P(Z;)), P(Z;)). Let t; and ty denote a value in
the interior of the support of 77 and T, respectively. And let p denote that point in the interior
of the support ofAP(Z ) that corresponds to ty. Note that here, d = 2.

~ Let ;= {{fx,z()ﬁ, Z;) 2 qo }, i = H{ fx,2(Xi, Zi) > qm },

Lyi == 1{ [}, p(ho(Xs, P(Z:)), P(Zi)) > qo2}, and Iy := 1{ fn, p(ho(Xi, P(Zi)), P(Zi)) > qoo}. Our
goal is to derive the asymptotic distribution of

Let W(ty) = hy2diag (K (u) LK (M» e .= DY, — E(D,Y;|Ty).

th th T
(T1y — to)@r
Tp(to) =
(Tin — to)%»
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Now

i(ty) — qlte) = })el[Mpwo)]—1N—1H'Tg<to>vv<to>sq

+ }Jel[MpN(to)]lN1H'Tp<to>'w<to>n<t0>ﬁz<to>

+ %el[MpN(to)]lNlHsz/:(tO)W@O)rp(tO)

Therefore,
. s o D, ’ P .
T o Dila(Tog) — a(Touslay = 5 o001 prgyer [ Myn (Tog)] ™ NTHH' T (To) )W (Toy)e L1
Dj - _ _ — —x A A
+ v Simt pay e [Mon (Tog)] N~ H'T(To;) (Tog )W (Tog Top(Tog) By(Tog ) 11y
+ o 2 pag e [Mon (Tog)| N H Ty (To )W (Toy )rp(Tog) i L

C.3.1 First Term:
Let’s start with the first term. Add and subtract

N
1 D
> 7 )61[MpN(TOj)]71N71H/T£(T0j)W(Toj')&?qfljfzj

N 0.1
—1 D 9 —1 Tli - TO' P _9 Tli — To- A A
NV N Z Z P(Z]j)el[MpN(TOj)] (—]) ] hggils (h—] 115

j=1 i=1 th Nq
N M Q'
e1|M,n(Thy; _— hielK | ———— ) I1:15: = 0,(1
N\/N; p P(Z]) 1[ pN( OJ)] th Nqg*~1 th 15425 p( )

Now we will go through arguments as in lemmas 2 through 6 of HIT, and try to show that
this sum is Op(]_>. To do that define /VNO(TOj) = 61[MPN(T0J')]_1, ’?N(Toj) = 61[MPN(T0J')]_1,
Ay = {(z,2) : fxz(z,2) > qn — €5 > 0}, Ay = {(x,2) : fxz(x,2) > qu}, A = {(z,2) :
Ticx.pzy),pz) (ho(z, P(2)), P(2)) > qo2} and

Iy = {w ()| sup (@) — en[Mpn (2)] 1] < e}

Gin = {gN cgn(el, T Dy, Toj, X5, Z;)

D.

J

= N 732y (Ty,

/
T =T\ | | o ap (Ti—=To\ 7 ;
hyvelK | ——2 ) I1; 1y,
( Iing ) Ng€i ineg 1542;
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D,
P(Z;)

/
Ty — To; \ 97| Ty — To
gno(el, Tvi; Dy, Tog, X, Zi) = N ™ Pno(Ty;) ( th 0J> ] hyoel K (%) 115
q q

Let Hy, Z;, Hs and Z, be as in Appendix B. We are going to try to show that the process
Zij\il Zjvzl gn (e}, Tvi; Dy, Toj, X, Z;) is equicontinuous over Gy, in a neighborhood of

gno(el, Thi; Dy, Tos, X, Z;), and that gn (e}, Thi; Dy, Toj, X, Z;) lies in the neighborhood over which
we establish equicontinuity with probability approaching to 1.

We will first check if the associated processes are degenerate:

2 Qp !
E[QN(é??,Tu;Di,TOiﬂ = N32F {’YN(TOz) Pz ) [(u) } K (Tlﬁ )[lz[m [DiE?‘XhZi]}

hng

E[Diel|X;, Z;) = E[D;Yi| X, Zi] — E|[DiE(DiYi|hi(X,, P(Z)), P(Z:))| Xi, Zi]
= E[D;Y;|X;, Z;)) — E(Dy|X;, Z;) E(D;Y;|hi (X5, P(Z;)), P(Z;))
= E[DiY;|Xi, Zi] — P(Z;)E(D:Yi|m(Xi, P(Zy)), P(Z:))

This does not have zero expectation. Therefore the associated U-process is not degenerate. But
we can remedy this by adding and subtracting the expectation of gy from it. Let

/
D: T T\ @p T — T
~ q TlDl T@ _ N_3/2 Tz A 17 0 h_2 qK 17 0
gN(SZa 1%y ) 0) ,YN( 0 )p(Zl) th qu':l th
/
D, T — o\ 9P T . — T
_ E N73/2 T : 1 1z 01 h72 9y 17 07
{ iz | (U Y g

This process is degenerate, and satisfies all the conditions of the lemma 3 of HIT. It is thus
equicontinuous. But this is only one piece of the Zfil gn(el, Thi; Dy, Ty;) process. The other piece

1S
T, — T, \%| T, —T
12 — 402 -2 q 12 — 40z ¥ ¥
h2gdpe (ZH L0 F o
< hivg ) N < hig > 1 2}

32 D;
ZE{ T pz)

/
D. T — T\ @r Ty — T,
_ N_1/2E T@ i 17 0 h_2 qK 1e — £L0¢ Izlz
{VN( " )P(Zz') ( hng Na%i g e
. o
We have to make sure that the limit of this is 0. We know that any element of % ! Kp(Ty;—

Tp:) 18 bounded by C’lhjvfll{HTu — Toil| < Cohnyg} for some finite Cy and Cy. On the other hand,
|Di| <1, |I1;Iy] <1 E|g?| < 00, and P(Z;) is almost surely bounded away from 0. Combining

20



these facts with Nhj,, — oo, we get that the desired limit is in fact 0. Now SV (gn (i) — E(gn))
is a degenerate U-process, which satisfies the conditions of the equicontinuity lemma.
Next, we focus on the part containing different indices. Let S; := (7, D;, T1;, Toi, X, Z;). Define

/
1 D, Ty — To: \ T —To;\ = -
0 ) o -3/2 7 17 0y -2 q 17 0y )
Si,S;) = =N Th; hyoei K | ——— | L1,
gN( ]) 2 ’YN< OJ)P(Z]) ( th ) ] Nqu ( th ) 151425
!
1 . T — T\ 9P T —Th\ - -
_N73/2 Tz ) 1j 0z h72 qK 1j 0z ]— Z[ ;
TNl Bz ( Iing Na®s hvg )7

Define ¢y (5;) = E[g?V(Si, S;)|S:]. Then,

_ 0 _ 1 —3/21,—2
on(Si) = Bl (Si, 8;)19] = gN~% hN%X
C " Qp#' " P D
D, Ty, ~Tp; Ty, ~Ty; =+ = D, Ty —To; Ty ~To; = =
E 'YN(TOj)p(Z]].) ’Zqu ! elK ;sz Tvjl2j+vN, (TOi)p(Z’i)S? ,JLNq : K iqu Lilai|ed, Di T, Toi, X4, Zi

Note that

hng

_n\@] T\ 5 s
E{VN(TOi)p?Zii)ﬁq [<M> } K (%) Ili12i|5g7DiaT1iaT0iaXz‘aZz‘}
C " #, ! D

= = Q
. D, Ty —Ty; ©P Ty —To;
= 7N<T0i)_P(ZZi)IIiI2iE E ¢ lfLNq : K ——% |el,Dy,Tvi,T0i, Xi,Zi,Thj e, DsT1i,Toi, Xi,Zi
r #, D
~ Q
_ D; Tyj—Toy P T15—Toi
= fYN(TOi)p(ZZi)IliIZiE ;Jqul K ;JLTQZ E(5?|537Di7TlivT0i,Xi7Zi7T1j)|€gaDi7T1i7T0iaXiaZi

- o N@] T
= 'YN(TOi)LZiiIIiij { [<M> } K <%> E (5?|T1j) Ie?, D;, Thy, Toi, Xi, Zi} =0

P( ) th
Therefore,
C " 0,7 >
¢N(Sl) = %N_3/2h]_\7?1E ’yN(TQj)P(Dij) Tl;;NZO] EZqK Tl;i%jojfljfgj |E;-Z,Di,T1i,TOi,Xi,Zi
!
1 D, Ty — To; \ " Ty —To:\ - -

= —N32p2eiE Ty;)——2 ! J K (=22 ],. 1| Ty
9 Nq©i 7N1( OJ)P(Zj) th th 1j 2]| 1

This is of the form ¢y (T7;)e!, and E(on(Ty)el) = E [gpN(TU)E(angU)} = 0. Thus we can define
9% (S 85) = g (Si, Sj) — &n(Si) — dn(S;). The process >, 3., Gx (S, S;) is a degenerate U-
process of order two. On the other hand, the above calculations show that > . 2(N — 1)¢n(S;)
is a degenerate order one process. Since |D;| < 1 and P(Z;) is bounded away from 0, and
I;Iy < I; < It = H{fx2(Xi, Zi) > qo1 — €1} the same steps as on p. 287 of HIT prove that
each of these processes satisfies the first two conditions of the equicontinuity lemma. For the third
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condition, take any g](\}),gN € Gin.

1 2 379 D; - Ty, —To,
|91(v) _gj(v)’ = ’N 3/2p(zjj)hN?;5;‘]K< : OJ)‘

hng

1 T1;,—To; Qp,~1~1 j T1;,—To; Qp,~2~2
<) | (B | 701 - oty | () | 128
D Ty =T 2 Tyi—Tos o
’N i QP(J hnoe ;’K( o OJ H N(Ty) - %(v)(Toj)) [(_1%0]) ]1(]')12(]’)
(2) -1\ %] )
T (To)) (W) Iy
2 Tr—Tp: \ @P e
o) | (22)*] 12

Therefore, the third condition of the equicontinuity lemma will hold, if each of the families
I'n,Zy,Z, satisty it. To verify that these families satisfy that condition, we will use lemma
4 of HIT. For T'y to satisfy this condition, we need that both E[DY |hi(X, P(Z)), P(Z)] and
Jri(x,p(2)),p(z) are both p, smooth where Py + ay > dim(X, P(Z)) with a, equal to the smaller
of the Holder continuity constant of these functions. At the same time, if fj,, (x p(2)),p(z) satisfies
this smoothness condition, and if the first derivative of fi, (x p(2)),p(z) is uniformly continuous
and the Lebesgue density ffhbp of fu(x,p(2)),P(z) is continuous in a neighborhood of gg; with
T, »(qo2) > 0, the third condition of the equicontinuity lemma is satisfied for Z,. Similarly, if
fx.z is p; smooth where D, + a; > dim(X, Z) with oy equal to the Holder continuity constant,
if the first derivative of fx 7z is uniformly continuous and the Lebesgue density fy, , of fx 7 is
continuous in a neighborhood of g1 with fy, ,(go1) > 0, the third condition of the equicontinuity
lemma is satisfied for Z;.

D -2 Ty —T¢
N e (B

(1 7(2
i h(j)‘

7O _

2j

7@

2j

_ D; ;- Ty —To,
+‘N 3/2P(Z]j) N?z §K< : OJ)

hng

Combining all these results, we conclude that the process S i1 ZZ L gn (g}, Ty, Toj) is equicon-
tinuous over Gy in a neighborhood of gno(ef, T, Dj, Toj, Xj, Z;).

Lemma 5 and 6 of HIT can be used to show that sup, ,jca,na, | M,n (ho(z, P(2)), P(2)) —
M,n(ho(z, P(2)), P(2))|| — 0. This result combined with the arguments at the beginning shows
that gy (e, Tui, To;) lies in the neighborhood of gno(ef, T1i, Tvj, Xj, Z;) over which equicontinuity
was shown.

C.3.2 Second Term:

Next, we look at

> Dier[Myn (Top)] ™ N H'T,(To;) (Tos)W (To) T(To) By(Tos) 11 o

Jj=1

il

o2



Fix the evaluation point (dy,xo,20) such that (zg,29) € A3 N As. Let By = P(z), to =
(ho(xo, P(20)), P(z0). Then each term in this sum equals:

do
P

= e pNtO ZN_

s=p+1

We add and subtract

ex H[Myn (to)] "N ™" HT'(to)W(to)Tﬁ(to)ﬁg(to)flofm

2| ()

C N #, D

. P D Ty, —Ty; 9P T1;,—Tos PR
el[Mpn (to)] ™ Sopia h% E 575 iy (T3 =Tog) ¥ K =500 [Toy=to,X;=w0,Z;=20 [m'*)(to)]'T10120
q

!/

Ty —to\ » -
(T3 — £0)2) [ (1) K (TO> faohao
q

J

This gives us three terms. But the difference of the two terms is handled in the same way as in
lemma 2. In particular, we take v, and I';, as before and define

gN(Tu, TOja Dja Xj> Zj) N 3/2’YN(TOJ)th

“ " #1
Q ’
D; Ty;—To; P Ty, —Tp,; D; Ty, —Tp Ty, —Tp
X P(Z]]-) 721\” ! (T1i—To; )9 K 7}1]\7(1 . —FE 7P(Z]]-) ;;Nq J (T1i=To; ) K 7}11\[ L\ Tos,X;,Z;
X[ (To;)) 11

Letgn (Thi, Toj, X;, Z;) and gNO(TM,TOj,Xj,Zj) be defined in the same way as before. More-
over, let Goy = {gn(Ti, To;, X )|7N(T0]) € I'yv}. Then going through the same steps as
in lemma 2 we can show that 1/\/_2 Ry (To;, D) = SO 123 an (T, 1o, Dy, X5, Z;) —
gno(Ti, Tog, Dy, X, Zj)] = 0,(1).
Then we deal With the term

C " #, D

D; Ty —Tp; JON
% |Toj=to,Xj=z0,Zj=20 [m(*)(to)]'T10120
q

) . Qp
T14—Tp
SZen) Frg (T1i~To;)? K

. P
ellMpn(to)] ™' P_ 1 ——F -

s=p+1 h?\]q
which in turn equals

e1 ([Mpn (t0)] ™ — [My(t0)] ™)

P 1 ¢ D; i Ty;—To; Qp#l Ty —To; ? ipop

T s=pil EE PZ;) FNg (T1i=To)* K qu Toj=to,Xj=0,Zj=20 [m'*)(to)]'l10120
P N D, ) Ty, —To 4 P#/ Ty, —To; % PN
+er[Mp(to)] ™' b_, 1y ﬁE P(ij) I;LT;.J (T1i—To;)? K IZLTqO] |Toj=to,X;=w0,Zj=20 [m ) (o)) 10120

The first expression can be treated in the same way as in lemma 2. If tg = (ho(zo, P(20)), P(20)),
the last expression equals
(Gl #, D

-1 P7 1 Tyi—tg P Q) e Tii—to (s)
el[Mp(tO)] s=p+1 h?\] P(zO)E Dj hiNg (Tli—to) K hNg |T0]7tO,X 723012 =20 [m (to)] 110]20
q
'S o >

P Ty, —t P Ty;—t

=e1[Mp(to)] ™! E:p+1 mE(DﬂZj:zo)E }L’qu (T1i—t0)Q) K III’TQO [m) (o))
q

Pﬁ R

— _ R _ _
:h;;)\]qel[Mp(tO)}71 s:p+1[ uQRO) Q) m () (¢) - wQP—1) K (u)du,..., uQ(p).uQ(S)m(S)(to)/.uQ(pfs)K(u)du]f(pfS)(tO)'
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We need

phm]\/—n)ol/\/ﬁ Zfil h]ﬁqul[Mp(TOI)]_l
ST [ 490 - a@OmO(Tyy PV K (u)d, .., [ u@®P) - u@Om® (Ty,) - w0 K (u)du]
Xf@_s) (T()i), = bq < 00

All the terms involving Ty; = (ho(Xi, P(Z;)), P(Z;)) are bounded with probability 1. Thus, if
Nh%’q — ¢ < oo then we are OK.

C.3.3 Third Term:

We claim that under our assumptions, for each evaluation point (dy, zo, z9) such that (xg, zy) €
AN A,

do
P(2)

e1[M,x (to)] "N 7! H'T)(to)W (to)rps1(to) [0 20 = 0, (R

But, as in lemma 8 of HIT,

-1 dO
ey

do
ZP(ZO)

i€ly

H,T,(tQ)W(t(])TﬁJrl(to)flojgo’| § Nﬁlhgzl)

@]’ Q(p+1)
(Tu - to) (Tu - to) [m@“)(ti) _ m(ml)(to)] i K (Tli - to)
th h’Nq th
/ _
< N1 hp+1 g: (Tu — to)Qp (Tu — to)Q(pH) 1 % (Tu — to)
> 2
hg hng Py hg

=1
By lemma 5 of HIT, for any ¢, such that fs, (x,pr(2)),pz)(to) > 0, for sufficiently large N, MpN(tO)
will be nonsingular. Therefore, every element of the matrix [Mp ~(to)]™! has finite norm.

X

C.3.4 Conclusion:

v e Dj(alhos, Py) = (hOJ’P))flﬁjQJ =AF

!
SYSY 1p £ (M (hoj, Py)] ™ (hlp;)fw — M i 125 + b,
\FN Jj= Ng h

o4



C.4 Issues in Trimming

The first part of this appendix shows that the family of functions that the trimming function,
which is based on the values the the estimated density f (z, z), belongs to satisfies the conditions
of the equcicontinuity lemma. The second part of the appendix shows the same thing for the
trimming function which is based on, f;lh p, the kernel density estimator of fi, p. Let S be a
random variable, whose values we observe. Also let

H = {f: sup |f(s)— fs(s)| <e€p f has smoothness q > d, in£||Df(s)|| >0}

sesupp(X)
= {I((s) € A): A={s: f(s) > qo} for some f € H}
= {s: fs(s) = q — €}
= {s:[fs(s) > q}

where > 0. First we observe that under the assumptions of Silverman’s Theorem A on fg, the
kernel function and the bandwidth sequence used to estimate this density function

o] N
li

sup )‘f(s)—f(s)w —0 a.s.

s€supp(S
of ., of |
sup  |=——(s)— =—()|| =0 as. forje{l, ..d
L asj< ) asj( )| { }

Using this result, we can claim that 14(s) is an envelope for Z. On the other hand, we can also
prove that if the third condition of the equicontinuity lemma holds for H, it also holds for Z.
For this purpose, observe that for any function in H, and for any probability measure that is
absolutely continuous with respect to Lebesgue measure,

P({z: f(z) = q}) =0

Then by the dominated convergence theorem,
lggl P{z: f(x) =q} ® Bs(0)) =0

where A@ B :={a+b:a€ A, be B}, and Bs(0) denotes the ball around 0 with radius §. Next,
I claim that for any f,g € H, such that sup,.z |f(z) — g(x)| <n, and for 6 = /6,

PAf=q>9g}) < P{z: f(2) = 9} © B;s(0))

To see this, consider any s € A\ ({z : f(z) = g} @ Bs(0)). Then for each u € {2 : f(z) = q},
d(u,s) > 6. If f(s) < qo, there is nothing to prove. Otherwise, pick some u € {x : f(z) = qo}.
Using the mean value theorem, we know that

[f(s) = fu)| = [f(s) = ol = [[Df(@)[] - ||s = ul| = bl|s —ul[ > 05 =n
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Since | f(s) — g(s)| < n, this implies that g(s) > qo, i.e. s € A\ {x: f(x) > qo > g}, equivalently
that {z: f(z) > qo > g(x)} C ({z: f(x) = qo} @ Bs(0)). The last step is to note that by choosing
n appropriately we could make sure that P({z : f(x) > qo > g(x)}) + P({z : g(x) > qo > f(x)})
arbitrarily small.

Next we turn to our trimming problem. We have to employ two trimming functions. The first
function is needed to guarantee that the estimator P(z) is uniformly consistent for E(D|Z). The
second trimming function is needed because we need to have a uniformly consistent estimate for
E(DY|h(X,P(Z)),P(Z)) evaluated at the value (ho(X < P(Z)), P(Z)) takes. For this purpose
we define d = dim(supp(X,Z)). We will use the arguments given above with S = (X, Z) to argue
that our first trimming function satisfies the conditions of the equicontinuity lemma. We define

A = {(x,2) : fxz(x,2) > qo1 — €f1}
Ay = {(x,2) 1 qu +epn > fxz(,2) > qo1 — €}
B, = {ze€supp(2): (z,2) € Ay, for some x € supp(X)}
and?®
Hi = {f: sup \f(z,2) — fxz(z,2)| <e€p, f has smoothness ¢ > d, inf ||Df(z2)|>6,}
(z,z)€supp(X,2) (z,2)EA,

T, = {I((z,2) € Ay) : Ay = {(x,2) : f(x,2) > qo1} for some f € Hy}

Up = {g:sup|g(z) — P(2)| <e€p, g has smoothness ¢ > d, inf ||Dg(2)|| > 0p}
ZEEZ z€Bq
N {g:sup [g(z) — P(2)] = op(hi)}
z€EB,
U, = {p: sup sup |<,0(x,ﬁ(z)) — ho(z, P(2))| < €n, ¢ has smoothness q > d}
If’E\pr (:B,Z)EZl

N {o:sup sup Jo(z, P(2) — ho(z, P(2))| = op(h3n)}

Pe¥p (z,2)€A;
N A inf{||Dyp(x, P(2))]] : (v, 2)

N Ay nf{[|Dpe(z, P(2))]]

Hy = {f: sw  sup_|f(o(z, P(2)), P(2) = fuux.pz).piz)(ho(z, P(2)), P(2))] < €p2}

(¢,P)EV, xUp (2,2)EA)

N {f:f has smoothness q¢>d, inf |IDf(p(z, P(2)), P(2))|| > 6,}

(2,2,P,0)EAGX U px T},
T, = {I((z,2) € Ay) : Ay = {(z,2) € Ay : f(p(x, P(2)), P(2)) > qo2} for some fers.pew, Pevp)

We would like to show that Iy = 1{fx.z(z,2) > qu} € 7y and I, = 1{fﬁ17p(ﬁ0(w, P(2)),P(z)) >
qo2} € I, for sufficiently large N with probability approaching to 1. The first of these follows

26Tn these definitions all the 6’s are strictly greater than 0, and ho denotes the smoothing parameter that is
used in the trimmed kernel density estimation of fy,, p.
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from the analysis above. To investigate the second one, consider 1{ fﬁl, plho(z, P(2)), P(2)) >
qo2}1(A;) ?7. For (z,2) € Ay, P and ho(x, P(z)) are uniformly consistent for P(z) and ho(z, P(z)),
respectively. So we only need to show that fh p 1s uniformly consistent for fj,, p. To be able to
guarantee this, we need hi(X;, P(Z;)) and P(Z;) to be uniformly consistent for hy(X;, P(Z;)) and
P(Z;). However, this occurs only when the density of (X, Z) is bounded away from 0. Therefore,
we have to trim out those observations at which fx 7 is very small. Let K, be a Lipschitz
function?® and define

fip(p(, P(2)), P(z

hio

( 1(Xi, P(2)), P(Z) - (so(x,ﬁ@))f(z))) L(X:, Z)

hio

( (h (X, P(2)), P(Z)) - <@<x,ﬁ<z>>,ﬁ<z>>> fi(X., 2)

Consider

(2)) = fuplho(w, P(2), P(2))] < (13)
< Pl >>,P<z>> — fiplholz, P(2)), P(2))|

i (0(@ P(2)), P(2)) = fou,p(ho(, P(2)), P(2)

i p(o(, P(2)), P(2)) = fin,p(ho(, P(2)), P(2)

We will first deal with the first term.

| S p (0 (, P(2)), P(2)) — fhl (ho(z, P(2)), P(2))| <
1 ZN ‘f(z ((iu(Xi,ﬁ(zi)),P(%i))—(w(x,P(z)),P(z))> ~ K, <(iu(Xi,p(Zi)),fD(Zj))—(ho(gc,P(z)),P(z))> ‘ fl(Xi,Zi)

N2, Lai=1 Tonva iz

Hcpx P(2)) — ho(z, P(z ‘—I—‘P P(z)H

— 3
hN2

We know that on Ay, both ¢(z, P(2)), and P( ) are uniformly consistent. Moreover, |¢(x, P(z))—
ho(z, P(2))| and |P(z) — P(z)| are both o,(h%,) on A;. On the other hand,

ffqu(ho(C(J,P(Z)),P(Z)) _thP(hO('r?P(Z))vP(Z))

1 Pw Koy (b1 (X4,P(Z)),P(Z;)) = (hg (2,P(2)),P(2)) —Ky (h1 (X4,P(24)),P(Z;)) = (ho(2,P(2)),P(2))

NRZ, it Aina N \11(Xi,2:)
= N]\I{?} >l [BI(Xiap(Zz‘)) — (X, P(Z)| 11 (X4, Z:)
+ ’Nh3 iy [P(Z) = P(Z)] (X, Z:)

2"Note that the first trimming function I would eventually eliminate observations which lie outside of A; with
probability approaching to 1. So in terms of the second trimming function, we only need to worry about (z, 2)
values in Aj.

28Later, we may impose other conditions on this kernel function.
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Using the results of Appendix C.1:

[P(Z;) - P<Z<>]f (X;, Z:)

‘ Nh3

— N2h3 ZZ 12] 1¢NP(
+‘Nh3 ZZ 1RP(X'“Z)

bp(Xi, Z;)

’ Nh3

Let’s deal with the first part first. Split the first term into two sums: one containing the terms
where 7 and j are the same, and the other, where they are different:

‘N2h3 Zz 177Z)NP(XHZ’L)D’L7XMZ)

M sz\il el[MiN(Z )]~ 16lthPZKP

3
N2h3,,

er[Myn(Z:)| 7'y KP(0)ef”

Z 1 Nh3 hdz

We will apply a strong law of large numbers:

Theorem C.1 (C’hebyshe'v) Let 51,55, ... be uncorrelated with means py, s, ... and variances
02,03, ... If SN 02 =0(N?) as N — oo then

1 & 1 &
~ Si — — i—"0
DT P
To apply this theorem we need to check the expectation and the variance of the i*" term:

E [ex[My(Z)] et KD (0) 11 (X5, Zi)el | =
E [el[M(Z))] el K (0) 11 (X5, Z;)E(eF| X5, Z3)] =0

We also need to verify that the required variance condition holds.

Jm > [L<el[M§N<zi>r1ea>2(KP<0>>211<X2-, z) <ef>2]

27,6 7,2d:
N hN2hNP

. M _ 2
= i, a7 (e [M (2] ) (K7 (0) 1 (X3, Z0) (eF)]

N3 — co. As long as N 71?\]2 does not converge to 0, or does not converge to 0 too fast, the
variance condition needed to apply the theorem holds and we have

N

1 M
Plimy—so— Y —————e1[M(Z)] s KP(0) 11 (X, Zi)el =0

N i=1 Nh?VQh(Ji\?P
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Then by the continuous mapping theorem
plimy—.c ‘ﬁ Sy ve(Xi, Zi, Dis X5, Z;)
N2
Pl _ 0

. N _
plimy ook S e M (2)] 1 KT (0) L (X, Z0)e!

Next, we deal with

N «N
‘N%%vz >im1 2 UNP(X5, Z5, Dy X5, Z;)

For this term, we will appeal to the Hoeffding, Powell, Stock and Stoker lemma. Defining
1 [(z-z\] Z;—2;

X, 2;) = e Miy (2] [(}@V—Pﬂ KP (—) L(X, Z)el

Z/ifzj) L(X;, Zy)e]

NP

g(D'L}}/i;XiaZi)DjaY;ﬁ hnp
Zi—7Z;

gl M) [(m)]KP (

The arguments in Appendix C.1 show that
E[C(-Dza }/ia Xi7 Zi7 D]7 )/;'7 X]7 Z])] =0

E[(C<D17Y;7Xl> Zi, Djﬂy}ana Zj))Q] = O<N)

Therefore, using the Hoeffding, Powell, Stock and Stoker lemma,
plimNHoo#%\m S Zj\;z Unp(Xj, Zj, Dy X, Z;) =

, My , —12Pn P 1 Nz Vb ziez . p
plszﬂoo NfLG plszﬂooN i:lE el[MpN(Z]-)] Il(Xj,Zj) hNP hNP hNP S'L |D“X1,Z1
N2
h z;-2, i p Zi-Z; p
inp i |1DiXiZi

P M _
L B ellMN(Z)) T h(X5,2Z5)

—nli 1
=plimn oo N =1 ,d; ;3
NP N2

We can now apply the same law of large numbers. Each p; = 0. Therefore 1/N Zf\;l i = 0. We
#1,9

h i
Z;—7Z; / Z:—Z.
J 1 P ? J P . . 7.
KP 51 &P |DiXi,Z;

still have to verify that 32 02 = o(N?).
S .
7

P M2 _
LB B el [ME(Z)] 7 (X;,2Z5) T
NP

By Jensen’s inequality

2
/
P -1 Zi—Z; 1 goP (Zi=Z;\ P
(E {el[MpN(zj)] 0%, 2)) | (52)| =K (52) 51D X 2
¢ h Zi—Z; i) 2 1 Z;—Z; 2 2 %
<E N(X;.Z5) elMyy(Z)]™" 57 —a K7 S5 () 1Dis X 2,
NP
(EIP)Z ¢ P 1h Z;—Z; I 2 1 p Zi=%; 2 >
=B L(X5.Z5) elMp(Z))7 5t e s |D:, X3,2;
NP

d
hNP
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On Ay, ey [M[(Z;)]7" and the density fxz are bounded. Moreover, the kernel function K* is
assumed to have compact support, and hence for some positive C

C . >

1 Zi—2; 1 p Zi—2; 2 =

B N(X;.7) ellMi(Z)™ G2 - KP G DXz, <C

NP
Since, we also have 0% := F(ef)? < o0,
P M2 g " h Z,—Z i Z;—2Z #!22
N B . .

Vo 1h61 E_ B elMjy(Z)] "' h(X;.Z;) 5 h;i}PKP T FIDvixizi

ZC_ MQ
< 3z Liny ik 03C = e
N =1 p%z h6 Nh$EphS,

We assumed that Nh3% — oco. Then if \/N iL?\,Q does not go to 0, or if it does not go to 0 too
fast, then the product of VN h?\fp and VN hS, will still go to co?. Next, we deal with

N]\i{[?lm Zz lb (X“Z)
From Appendix C.1, we know that plimNHoo\/LN Zfil i)p(Xi, Z;) = bp < 0o. Then if limy_ \/Niﬁ\m

= 00, this term too will be converging to 0 uniformly in probability by the continuous mapping
theorem. Finally, let us look at

\ﬁ Zz 1 RP(XM Zi )

Nh3 Zz 1RP(X’L7Z

We know that \/LN Zf\il Rp(X;, Z;) = 0p(1). This, continuous mapping theorem, and our previous

assumption that limy_. VN 71‘}3\,2 = 00 jointly imply that this last term also goes to 0 uniformly
in probability.
Using Appendix C.2, we can write

Nj\;fg Zz 1 [hl(leP( )) hl(X2>P(Z ))}jl(XuZz) S

e S S i (D3 X5, 24X, 2)

+)Nh5 ZZ 1Rh1(X'L7Z)

4| M Zfill;hl(X,-,Zi)

Nh3,,

Again, we know that plszHOO\F SV b (Xz,Z) = by, 4 bp,p < 00. So again, if VNI,

oo, by contmuous mapplng theorem, the mlddle term goes to 0 in probability. Slmllarly7 we
know plimy—_.eo— \F Zl 1 R (Xi,Z;) = 0. Thus, the same condition guarantees that the last sum
converges to 0 in probablhty As for the first sum, again we can split it into two pieces. One

29We could for example, choose hyy = h%L°.
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piece contains the terms where the two indices equal, the other piece contains the terms where
the indices are different:

o7t Zf\;l wNill(D’h Yi, X, Zi; X, Zi) =

) N2hi,

‘ . Zf\il (@DNhl(Di,Yi,Xi,Zi;XuZi) + %(XiaP(Zi))¢NP(Di7XiaZi;XiaZi))‘

N2h%,,

Each term has 0 expectation. To verify that the sum of the variances is o(N?), by Cauchy-Schwarz
inequality it suffices to verify that

th—>oo % Zi\;l E|:¢Nh1 (Dzv Yia X’i) Zl) Xi’ ZZ)2] =

. C1\2 2 N2
lin o e i B [ (e [V (X3, P(Zi))] ) (KM(0) 1 (X3, Z) (1)) = 0

and
limy— oo ﬁ ZZN:1 EWNP(Di, Xi, Zi; X, Ziﬂ =
iy e 5 B [(el[MfN(zi)]—leflf(KP(O))Ul(XZ-, Z) (55)2] ~0

RN
The first one is true because the term inside the parentheses is bounded, NhS, — oo and
N h%i’;H) — o00. The second one is true because Nh3%; — oo, and again because the term

inside the parentheses is bounded, and N iz?w — 00. So the sum of terms with ¢ = j converges
to 0 in probability. For the other sum, we again use Hoeffding, Powell, Stock and Stoker lemma.
By arguments in Appendix B, we know that

Plimy —oosate— 32ty X Ui, (D, Y5, X 253 X3, Z2) =
= plimy oy Soiey 2B [, (Dis Vi, Xi, Zi; D, Y5, X5, Z)| D, Vi, X, Z1]

=173 ARSE

Then we apply the Chebyshev’s theorem one last time. Again, the expectation of " term is 0.

And given that we have already assumed N h?\% — 00, N h%fgﬂ) — o0 and N B}@Q does not go to

0, the variance condition is satisfied. Therefore, this sum converges to 0 in probability as well.
Our last step is to show that

i (o, P(2)), P()) = i, pliof, P(2)), P(2))

converges to 0 uniformly in probability.

i p(ho(w P(2)), PA2)) = funplhofa, P(2)), P(2))| =

~ h1(X;,P(Z:)),P(Z;) ) —(ho(z,P(2)),P(z A
! 2?_1&(( CXuPZ))PED) ~(holePLe) (”)11<Xi,zz->—fhl,p<ho<x,P<z>>,P<z>>

N H?\m hava
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Since F {%[{2 ((hl(Xi,P(Zi))vp(Zj))(ho(x,P(Z)),P(z))

N2 hN2

)} exists®?, for each n > 0, we can pick a large

number, T, so that

P (} I ((thi,P(zi)),P(zi)) - <ho<m7P<z>>,P<z>>> N T) o

2 =
N2 I
Let G denote the complement of the set in the above expression. Then by Markov’s inequality,

for each a > 0,

P (h%m %, <(h1(xi,P(zi>>,P(zi))(ho(x,P(z»,P(z))) fi— L] > a) <

ENQ
14 p ( {% 7, ((hmxi,P(zi)),P(Zi))(ho(x,mz)),P(z))) F - 1 > a} - G> -
N2 N2

7+ gE(|fu — 1))

By our previous assumptions, F (\fll — Iy;]) approaches 0. Therefore, by choosing N sufficiently
large, that expectation can be made arbitrarily small, in particular, smaller than gZf. But all these
arguments only show the convergence in probability for each point (x,z) € A;. I could try using
the equicontinuity lemma (and that’s what I thought I was doing before). But the U-process is
not degenerate. I will try another trick:

o 1

P . hy(X§,P(Z;)),P(Z;) ) —(hg(z,P(2)),P(z .
% i]\Ll 1 K2@( 1( () (_)) (ho(=,P(2)),P( ))AII(Xi,Zi):
= e hN2
(@] 1 (@] 1
P . hi(X;,P(Z;)),P(Z;) ) —(ho(z,P(2)),P P . hi(X;,P(Z;)),P(Z;) ) —(ho(z,P(2)),P
}2 ﬁile@( 1(X4,P(Z;)) (f)) (hg(z,P(2)) (Z))All(Xi,Zi)"F }2 ﬁilKg@( 1(X;,P(Z;)) (f)) (ho(z,P(2)) (z))A
NR3,, hng Nh3q hn2
N 15— f (X;,Z;)— 2 2
x[o(Xs, 201y IXZTITITO0 T fx 70— 2 (X020 | 1P, 20> (X0, 200}
O( ) 1
P - h1(X;,P(Z;)),P(Z;) | —(ho(z,P(2)),P(2)) 5 15+ fx,z(X5.Z;)—a ;
T K@ e Alo(Xp, 20| T RLELT0Z0 [ (X, 20~ (X0, 2) |

Xl{f(Xivzi)Sf(Xi7Zi)}

My goal is to show that each of the last two terms is uniformly o,(1). Let’s focus on the first of
those two. That term equals
o 1

Py Py 1 - (h1(Xi7P(Zi))7P(Zi))—(ho(Z,P(z))yP(Z))A N 15— Ix,z(X4.Z)—a01 .
=1 j=1 N2;L?\I2;L?V1 K2@ hno [U(Xivzi)} JQ 5(X;,27) l{f(Xi7Zi)>f(Xi7Zi)}
% Ky (X;j,25) = (X4, 2;) B K (Xj.25)—(Xi,2;) X1, 2 (14)
hn1 hn1

30We assume f(g > 0.
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o 1
Py Py = @ \n1 (X3, P(2),P(Z;) ) =(ho(2,P(2)),P()) 5 e Ixz(XZD—a01
-1 =1 N2ﬂ§2%1Kz@( sz)z Alo(X,2)) Ly L0 1f(X0,2:)> F(Xa,Z)}

(Xy225)—(X4,24)

x E kl vt

|Xi,Z: —fx,z(Xi,2Z;) (15)

Using the equicontinuity lemma we will show that (14) is 0,(1). For this purpose, for g € H,,
define 6(Xu Zi) = \Q(Xi,Zz') - fX,Z(Xia Zi)’, L= 1{9(Xi> Zi) > fX,Z(Xia Zz)} Then
o 1

Py Py 1 - (hl(Xi7P(Zi))7P(Zi))—(ho(w,P(Z)),P(Z)) _ 15— fx,z(XiZi)—a01 =
=1 Jj=1 Nzﬁ?\jgﬁ%l Kz@ ;lNQ A[O'(X“Zl)} J2 W Li
i (X5,25) = (X4, 2;) B K (Xy4.25)— (X4, Z4) X0 Zi —fx.z(Xi,Z:)

hn1 hn1

is a degenerate U-process of order one which satisfies the conditions of the equicontinuity lemma.
Finally, (15) is Op<iLN1) by the smoothness of fx 7. On the other hand, by using the same tricks,
we can also show that the symmetric term (i.e. the term involving .J,) is also uniformly o,(1).
As a result, fhhp(ho(l’, P(2)), P(z)) converges in probability uniformly to

f~h1,P<h0(x’P(Z))’P(Z)) = ZK2

R (h(Xi, P(Z3)), P(Z;)) = (ho(x, P(z)), P(2))
Nhy,

- L(X;, Z;)
i=1 hiv

Given our assumptions on K» we can use a strong law of large numbers to show that this converges
to

E

= 2
N2

1 <(h1(Xi,P(Zi))vP<Zi)) _ (h()(I’P(Z)),P(Z))) 1(Ay)

have
Now the set A; is closed, but we can find a sequence of open sets that are all contained in A;.
Moreover the limit of this sequence of open sets will be A;. Using change of variables theorem by

breaking the set A; into disjoint regions where P and h; have non-zero derivatives, if necessary,
and then using Silverman’s theorem we have the desired result.
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